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B Dijkgraaf-Witten theory 73

1 SymTFT for group-like symmetries: Braided equivalence of Z(VecG)

and Rep(D(G))

In this section, we will explore the details of the braided equivalence Z(VecG) ∼=
Rep(D(G)), between the Drinfeld center of the fusion categoryVecG and the representation

category of the quantum double D(G). Z(VecG) appears as a bulk symmetry category of

symTFT construction in physics, and D(G) is the algebra of anyons in Kitaev’s quantum

double model [1], a.k.a. the G DijkgraaF -Witten gauge theory.

The braided equivalence Z(VecG) ∼= Rep(D(G)) is in fact the example of the cate-

gorified Tannaka-Krein Reconstruction theorem, which states that every fusion category is

monoidally equivalent to Rep(H) for some weak Hopf algebra H.

1.1 Preliminaries on Hopf algebras - definition, antipode axiom, and examples

Definition 1.1: Hopf algebra

A Hopf algebra over a field k is a sextuple

(H,∇, η,∆, ε, S) (1.1)

consisting of

• an associative unital k-algebra (H,∇ : H ⊗H → H, η : k→ H);

• a co-associative co-unital co-algebra (H,∆ : H → H ⊗H, ε : H → k);

• compatibility (bialgebra axiom): the co-algebra maps are algebra homomor-

phisms

∆(hk) = ∆(h)⊗∆(k), ∆(1H) = 1H ⊗ 1H , (1.2)

ε(hk) = ε(h) ε(k), ε(1H) = 1, (1.3)

equivalently, the algebra maps are co-algebra homomorphisms;

• an antipode S : H → H such that

∇ ◦ (S ⊗ id) ◦∆ = η ◦ ε, ∇ ◦ (id⊗S) ◦∆ = η ◦ ε. (1.4)

The conditions (1.3) guarantee that ∆ (and ε) respects multiplication, allowing the

tensoR-product action h ▷ (v ⊗ w) = h(1) ▷ v ⊗ h(2) ▷ w. The antipode identities form

the commutative hexagon in Figure 1.
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H ⊗H S⊗id // H ⊗H

∇

""
H

∆

<<

∆

""

ε // K
η // H

H ⊗H
id⊗S

// H ⊗H

∇

<<

Figure 1. Antipode hexagon: ∇(S ⊗ id)∆ = ηε = ∇(id⊗ S)∆.

Two basic examples from a finite group G (possibly non-Abelian).

1. Group algebra C[G] := {
∑

g∈G cgg | cg ∈ C}. As a vector space this is the free

C-module on G; write the basis element corresponding to g ∈ G simply as g. The

Hopf structure is

∇(g ⊗ h) = gh, η(1) = eG, ∆(g) = g ⊗ g, ε(g) = 1, S(g) = g−1. (1.5)

We check the upper path in Figure 1 on a basis element g:

(S ⊗ id)∆(g) = g−1 ⊗ g, ∇(g−1 ⊗ g) = g−1g = eG, η ε(g) = η(1) = eG. (1.6)

The lower path is analogous:

(id⊗S)∆(g) = g ⊗ g−1, ∇(g ⊗ g−1) = gg−1 = eG. (1.7)

Both compositions equal eG, so the hexagon commutes: C[G] is a Hopf algebra.

2. Function algebra CG := {f : G → C}. Write δg(h) = δg,h for Kronecker delta

functions; these form a basis 1. Define

(δgδg′)(h) = δg,g′ δg,h, ∆(δg) =
∑
ab=g

δa ⊗ δb, η(1) = δeG , ε(δg) = δg,eG , S(δg) = δg−1 .

(1.8)

Again one verifies that Figure 1 commutes; Compute the upper path for a basis

element δg:

(S ⊗ id)∆(δg) =
∑
ab=g

δa−1 ⊗ δb, ∇
( ∑
ab=g

δa−1 ⊗ δb
)
=
∑
ab=g

δa−1,b δa−1 = δg,eG δeG .

(1.9)

1In general, the set of all functions from a finite set to C naturally becomes the finite C-vector space.
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The co-unit–unit composition gives the same result: η ε(δg) = ε(δg) δeG = δg,eG δeG .

The lower path is analogous. Hence CG satisfies the antipode axiom and is a Hopf

algebra. Intuitively, C[G] encodes the algebra of the dual group, whereas CG is the

algebra of functions on G itself.

1.2 Representations (modules) of a Hopf algebra

Definition 1.2: Representation of a Hopf algebra

Let H be a Hopf algebra. A left representation (or left H-module) is a pair (V, ▷)

where V is a k-vector space and

▷ : H ⊗ V ∋ h⊗ v 7−→ h ▷ v ∈ V, (1.10)

satisfies

(hh′) ▷ v = h ▷ (h′ ▷ v), 1H ▷ v = v (∀h, h′ ∈ H, v ∈ V ). (1.11)

The category of finite-dimensional left H-modules is denoted Rep(H).

Basic properties. The category of left H-modules Rep(H) is equipped with additional

structures based on the following properties:

1. Tensor product. Given representations (V, ▷V ) and (W, ▷W ), the coproduct pro-

vides a representation on V ⊗W via

h ▷ (v ⊗ w) := (h(1) ▷V v)⊗ (h(2) ▷W w), (1.12)

for v ∈ V and w ∈ W and ∆(h) = h(1) ⊗ h(2). Associativity of ∆ ensures this is

well-defined, making Rep(H) a monoidal category.

2. Trivial representation. The co-unit gives a one-dimensional representation kε by

h ▷ 1 := ε(h) 1; it is the unit object for the tensor product above.

3. Duals. If V is finite dimensional, its linear dual V ∗ becomes a representation with

action

(h ▷ φ)(v) := φ
(
S(h) ▷ v

)
, (1.13)

for φ ∈ V ∗. The antipode axioms guarantee functoriality, so Rep(H) is rigid.

4. Schur’s lemma. When H is semisimple over an algebraically closed field, irreducible

H-modules have endomorphism ring k.

5. Semisimplicity criterion (Larson-Sweedler). For finite-dimensionalH, semisim-

plicity of Rep(H) is equivalent to the existence of a nonzero integral Λ ∈ H with

ε(Λ) ̸= 0.

These facts imply that Rep(H) is a tensor category; if H is quasi-triangular Hopf

algebra to be defined below it even becomes braided.
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Definition 1.3: Quasi-triangular Hopf algebra

A Hopf algebra H is quasi-triangular (braided) if there exists an invertible element

R ∈ H ⊗H (called the R-matrix ) satisfying

(∆⊗ id)(R) = R13R23, (id⊗∆)(R) = R13R12, (1.14)

R∆(h) = ∆op(h)R (∀h ∈ H). (1.15)

Here R12 = R ⊗ 1, R23 = 1⊗ R, and if R =
∑

i ai ⊗ bi then R13 =
∑

i ai ⊗ 1⊗ bi. The

map ∆op swaps the two tensor factors of the co-product, i.e.∆op(h) :=
∑

i h
i
(2)⊗h

i
(1) for

∆(h) :=
∑

i h
i
(1) ⊗ h

i
(2).

Remark 1.

A Hopf algebra with the condition (1.15) only is called quasi-co-commutative.

We will now see the braiding structure on Rep(H) induced from the R-matrix.

Braiding on Rep(H). For V,W ∈ RepH and R =
∑

i ai ⊗ bi, define a morphism cV,W :

V ⊗W →W ⊗ V as

cV,W (v ⊗ w) :=
∑
i

(bi ▷ w)⊗ (ai ▷ v). (1.16)

The R-matrix axioms imply cV,W is an H-module morphism, natural in V and W , and

that it obeys the hexagon equations; thus RepH becomes a braided tensor category. Below

is the detailed proof of each property.

(i) cV,W is an H-module morphism. Take h ∈ H, v ∈ V , w ∈ W . Using ∆(h) =∑
(h) h(1) ⊗ h(2),

cV,W
(
h ▷ (v ⊗ w)

)
=
∑
(h),i

(
bi ▷ (h(2) ▷ w)

)
⊗
(
ai ▷ (h(1) ▷ v)

)
eq. (1.15)

=
∑
(h),i

(
h(1)bi ▷ w

)
⊗
(
h(2)ai ▷ v

)
= h ▷

(
cV,W (v ⊗ w)

)
,

(1.17)

establishing module–morphism property.

(ii) Naturality. For f : V → V ′, g : W →W ′ intertwiningH-actions, each ai, bi ∈ H
commutes with f, g:

(g ⊗ f) ◦ cV,W = cV ′,W ′ ◦ (f ⊗ g). (1.18)

Hence {cV,W } is natural in both variables.
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U V W

W V U

=

U V W

W V U

Figure 2. Yang-Baxter relation

(iii) Hexagon equations. For U, V,W ∈ RepH we must show

(idU ⊗ cV,W ) ◦ (cU,V ⊗ idW ) = cU,V⊗W ,

(cU,W ⊗ idV ) ◦ (idU ⊗ cV,W ) = cU⊗V,W . (1.19)

Apply both composites to u⊗ v ⊗ w and insert definition (1.16) twice:∑
i,j

(
bjbi ▷ w

)
⊗
(
aj ▷ v

)
⊗
(
ai ▷ u

)
, (1.20)

which coincides for the two routes if and only if eq. (1.14) holds; those identities are

precisely the two tensor-component versions of eq. (1.14). Hence the hexagon diagrams

commute.

Remark 2.

The braiding isomorphism cV,W is indeed a solution to the Yang-Baxter equation

(cV,W ⊗ idU ) ◦ (idV ⊗cU,W ) ◦ (cU,V ⊗ idW ) = (idW ⊗cU,V ) ◦ (cU,W ⊗ idV ) ◦ (idU ⊗cV,W ).

(1.21)

See Figure 2.

Example: Quasi-Triangularity of C[G] For any finite (or discrete) group G, since ∆

is co-commutative, the element

R = 1⊗ 1 ∈ C[G]⊗ C[G] (1.22)

satisfies the quasi-triangular axioms

(∆⊗ id)(R) = R13R23,

(id⊗∆)(R) = R13R12,
(1.23)
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and is invertible (with R−1 = R) since

(∆⊗ id)(1⊗ 1) = 1⊗ 1⊗ 1 = (1⊗ 1⊗ 1) · (1⊗ (1⊗ 1)),

(id⊗∆)(1⊗ 1) = 1⊗ 1⊗ 1 = (1⊗ 1⊗ 1) · ((1⊗ 1)⊗ 1),

(1⊗ 1) ·∆(h) = (1⊗ 1) · (h⊗ h) = h⊗ h = (h⊗ h) · (1⊗ 1) = ∆op(h) · (1⊗ 1).

(1.24)

Hence C[G] is formally a quasi-triangular (even triangular) Hopf algebra.

In the representation category Rep(C[G]), the braiding induced by R = 1 ⊗ 1 is just

the symmetric flip

cV,W (v ⊗ w) = w ⊗ v, (1.25)

so no non-trivial braid statistics arise.

• If G is finite Abelian, any bicharacter χ : G×G→ C× yields

Rχ =
∑
g,h∈G

χ(g, h) g ⊗ h, (1.26)

which can give a non-degenerate triangular structure.

• For non-Abelian G, no non-trivial R lies inside C[G] itself. One instead passes to the

Drinfel’d quantum double

D(G) = C[G]⋉CG, (1.27)

whose canonical universal R-matrix produces the familiar non-symmetric braiding in

Rep(D(G)).

For the Drinfel’d double D(G) one has the universal R-matrix R =
∑

g∈G(δg ⊗ 1) ⊗
(1⊗ g), so RepD(G) inherits this canonical braiding.

Restriction to the two Hopf subalgebras. Write D(G) = CG⋉C[G] with universal

R–matrix R =
∑

g∈G(δg ⊗ 1)⊗ (1⊗ g). Projecting R onto the sub-Hopf-algebras gives

RCG =
∑
g∈G

δg ⊗ δg ∈ CG ⊗ CG, RC[G] =
∑
g∈G

g ⊗ g ∈ C[G]⊗ C[G]. (1.28)

• Function algebra CG. The element RCG does satisfy the quasitriangular axioms, so

RepCG (finite–dimensional G-representations) acquires the usual symmetric braid-

ing.

• Group algebra C[G]. By contrast RC[G] fails the identities (∆⊗id)(R) = R13R23

and (id⊗∆)(R) = R13R12 unless G is trivial, so C[G] is not quasitriangular in gen-

eral. (Intuitively, the non-commutativity of G obstructs these relations.) Thus the

canonical braiding on RepD(G) cannot be restricted to RepC[G].

Only the full double D(G) (and the commutative factor CG) carry compatible R-

matrices; the group algebra factor does not.
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1.3 Crossed (smash) product: the quantum double D(G)

Because the Hopf algebras C[G] and CG are finite-dimensional and dual to each other,

C[G] acts on CG by conjugation (h▷δg) := δhgh−1 for h ∈ G. This action extends to general

v =
∑

h∈G chh ∈ C[G] (ch ∈ C) and f =
∑

g∈G fgδg ∈ CG (fg ∈ C) by

v ▷ f =
∑
g,h∈G

fgch(h ▷ δg) =
∑
g,h∈G

fgchδhgh−1 ∈ CG. (1.29)

Using this action we form the smash product Hopf algebra:

Definition 1.4: Quantum double

A Hopf algebra

D(G) := C[G]⋉CG, (1.30)

is customarily called the Drinfel’d (or quantum) double of G.

As a vector space D(G) = CG ⊗ C[G]; write a pure tensor succinctly as δg ⊗ h. The

multiplication rule is the semidirect-product formula

(δg ⊗ h) · (δg′ ⊗ h′) =
(
δg (h ▷ δg′)

)
⊗ hh′ = δhg′h−1 δg ⊗ hh′. (1.31)

The antipode, coproduct and co-unit are inherited component-wise, rendering D(G) a

finite-dimensional semisimple Hopf algebra.

Let us briefly mention how this Hopf algebra incorporates in the (2 + 1)d quantum

double model [1] here. The d.o.f. of the model is the G-valued spin (qudit) |g⟩e ∈ C[G]e
residing on every edge j of the given 2d lattice. The total Hilbert space is thus H =⊗

e∈E C[G]e. Here let us restrict our discussion to the square lattice. The Hamiltonian of

the quantum double model for G is

H = −
∑
v∈V

Av −
∑
p∈F

Bp, (1.32)

where V and F are the collection of vertices and faces respectively and

Av :=
1

|G|
∑
g∈G

A(g)
v , Bp := δe,h−1

4 h−1
3 h2h1

, (1.33)

whose explicit action is shown pictorially in Fig. 3.

The operators Av and Bp in the Hamiltonian are commuting projectors, meaning the

ground state |Ψ0⟩ is a simultaneous eigenstate of all of them with eigenvalue +1.

Av|Ψ0⟩ = |Ψ0⟩ ∀v, Bp|Ψ0⟩ = |Ψ0⟩ ∀p. (1.34)

The Av term enforces a condition analogous to Gauss’s law in gauge theory, ensuring a zero

“electric charge” at each vertex. The Bp term enforces a zero “magnetic flux” or flatness

condition on each plaquette.
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v
Rg−1

Rg−1

Lg
Lg

(a) Star operator A
(g)
v

p

h1

h2

h3

h4

(b) Plaquette operator Bp

Figure 3. Pictorial representation of the operators in the Kitaev quantum double model. (a) The

star operator Av acts on the four spins residing on edges incident to the vertex v. (b) The plaquette

operator Bp acts on the four spins on the edges bounding the plaquette p.

Anyonic Excitations. Elementary excitations, known as anyons, correspond to local-

ized violations of the ground state conditions. The two fundamental types of excitations

are summarized in Table 1. These excitations are created in pairs at the endpoints of

string-like operators, often called ribbon operators. More complex excitations, known as

dyons, can be formed as bound states of electric charges and magnetic fluxes.

Electric Charges (e-type) Magnetic Fluxes (m-type)

A vertex v hosts an electric charge if the

state is an eigenstate of Av with eigen-

value −1.

A plaquette p hosts a magnetic flux if the

state is an eigenstate of Bp with eigen-

value −1.
Associated with the group algebra C[G]. Associated with the function algebra CG.
Created in pairs at the endpoints of rib-

bon operators acting on the direct lattice.

Created in pairs at the endpoints of rib-

bon operators acting on the dual lattice.

Table 1. Fundamental anyon types in the Kitaev model.

The Algebra of Anyons is D(G). The crucial insight is that the complete algebra of

operators that create, move, and fuse these anyonic excitations is precisely the quantum

double D(G) [1]. The connection is established as follows:

• The two constituent Hopf algebras of D(G) = CG ⋊ C[G] correspond to the two

fundamental types of excitations. The group algebra C[G] generates the electric

charges, while the function algebra CG (its dual) generates the magnetic fluxes.

• A general ribbon operator creating a dyonic excitation corresponds to an element

δg ⊗ h ∈ D(G). The h ∈ C[G] part creates the electric component, and the δg ∈ CG

part creates the magnetic component.
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• The non-trivial smash product structure of D(G), as defined in eq. (1.31), governs the

braiding statistics of the anyons. When an electric charge (type h) is moved around

a magnetic flux (type g), the wavefunction acquires a phase. This physical process

is algebraically described by the commutation of their respective ribbon operators,

which reflects the conjugation hgh−1 present in the multiplication rule of D(G). This

is a manifestation of a discrete Aharonov-Bohm effect.

Classification of Anyon Types by Rep(D(G)). Since the algebra of local operators

that act within the ground state space (i.e., move anyons without creating or destroying

them) is D(G), the distinct, stable particle types (superselection sectors) are classified by

the irreducible representations of D(G). As we will see in Section 1.4, the simple objects

in the category Rep(D(G)) are labeled by pairs ([g], ρ), where [g] is a conjugacy class in G

and ρ is an irreducible representation of the centralizer group CG(g). This mathematical

classification has a direct physical interpretation, as detailed in Table 2. Thus, the quantum

Label Component Physical Interpretation

[g] The conjugacy class specifies the type of magnetic flux. Pure

magnetic fluxes correspond to pairs ([g], ρtriv), where ρtriv is the

trivial representation of CG(g).

ρ The irrep of the centralizer CG(g) specifies the type of electric

charge that is bound to the magnetic flux g. Pure electric

charges correspond to the case where g = e (the identity), for

which [g] = {e} and CG(e) = G. The labels are then simply the

irreps of G.

Table 2. Physical interpretation of the labels for simple objects in Rep(D(G)).

double D(G) is not just an abstract algebraic structure; it is the fundamental symmetry

algebra that fully describes the emergent anyonic particles and their interactions in the

Kitaev model.

1.4 Object–object correspondence of Z(VecG) ∼= Rep(D(G))

In order to see the braided equivalence of the Drinfel’d center of VecG and the repre-

sentation category of the quantum double D(G) = CG⋊C[G], this subsection is devoted

to the proof of object–object correspondence between the two. Specifically, the simple

object ([g], ρ) ∈ ObZ(VecG) corresponds to a D(G)-module V([g],ρ), so we will study how

to construct V([g],ρ) explicitly below.

Step 1 Conjugacy classes and centralizers.

For a fixed g ∈ G let

[g] := {hgh−1 | h ∈ G} (the conjugacy class of g), (1.35)

CG(g) := {h ∈ G | hg = gh} (the centralizer of g). (1.36)

Basic group theory says the action G ∋ h 7→ ([g] ∋ x 7→ hxh−1 ∈ [g]) ∈ Func[g] has the

stabilezer subgroup CG(g) and hence |[g]| = |G|/|CG(g)|.
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Step 2 Extending an irrep. ρ of CG(g) to C[G].
Let ρ : CG(g)→ EndW be an irreducible representation of the finite group CG(g). Extend

ρ to the irrep.

ρ̃ : C[CG(g)] ∋
∑

h∈CG(g)

chh 7→
∑

h∈CG(g)

chρ(h) ∈ EndW, (1.37)

i.e. turn CG(g)-moduleW into an C[CG(g)]-module. Next, we want to get a representation

of C[G] by extending the representation ρ̃ of C[CG(g)]. To this end, we remind ourselves

that in elementary group theory, there is a way of extending a known representation of

a subgroup H of a larger group G, called the induced representation (see Section 3.3 in

Ref. [2] for details). Likewise, there is a Hopf algebra version of it.

Definition 1.5: Induced module (Yetter-Drinfel’d module)

The induced module (Yetter-Drinfel’d module) is defined by

V([g],ρ) := C[G]⊗C[CG(g)] W = spanC{h⊗ w |h ∈ G,w ∈W}, (1.38)

where the condition

(hk)⊗ w = h⊗ (ρ(k)w), (1.39)

is imposed for k ∈ CG(g)a.
aThis is completely analogous to the simpler example V 7→ C ⊗R V , where the R-vector space V =

{
∑

i ciei | ci ∈ R} is turned into the C-vector space V = {
∑

i ciei | ci ∈ C}.

By this definition, the set C[CG(g)] of coefficients of W is changed to C[G]. V([g],ρ) has
a G-grading structure

V([g],ρ) =
⊕
x∈G

Vx, Vx := spanC{h⊗ w |h ∈ G,w ∈W,hgh−1 = x}. (1.40)

We will next check that V([g],ρ) is an irreducible representation of D(G) after the induction.

Step 3 Extending the irrep. ρ of CG(g) to a Hopf sub-algebra of D(G).

Define a subset

Ag := spanC
{
δh ⊗ k

∣∣h ∈ G, k ∈ CG(g)} ⊂ D(G) = CG⋊C[G]. (1.41)

Because

(δh1 ⊗ k1) · (δh2 ⊗ k2) =
(
δh1 (k1 ▷ δh2)

)
⊗ k1k2 = δh1,k1h2k−1

1
δh1 ⊗ k1k2, (1.42)

(remember eq. (1.31)), this subspace is closed under the Hopf operations of D(G); hence

Ag is a Hopf subalgebra. It straightforward to see that the irrep. ρ : CG(g) → EndW

induces another irrep. ρ̂ : Ag → EndW via

ρ̂(δh ⊗ k)w := δg,h ρ(k)w, (h,∈ G, k ∈ CG(g), w ∈W ). (1.43)
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From ρ̂, define an induced module of D(G)

V̂ := Ind
D(G)
Ag

W := D(G)⊗Ag W = spanC{(δa ⊗Ag b)⊗ w | a, b ∈ G,w ∈W} (1.44)

where(
(δa ⊗ b) · (δh ⊗ k)

)
⊗Ag w = (δa ⊗ b)⊗Ag (ρ̂(δh ⊗ k)w) = (δa ⊗ b)⊗Ag (δg,h ρ(k)w)

(1.45)

for h ∈ G, k ∈ CG(g). Using this relation, it is worth noting that

(δa ⊗ b)⊗Ag w =
(
(δa ⊗ b) · (δg ⊗ e)

)
⊗Ag w = δa,bgb−1(δa ⊗ b)⊗Ag w, (1.46)

for which every non-zero basis element in Ŵ is of the form

(δbgb−1 ⊗ b)⊗Ag w (1.47)

Step 4 The isomorphism V̂ ∼= V([g],ρ).

Recall

V̂ = D(G)⊗Ag W, V([g],ρ) = C[G]⊗C[CG(g)] W, Ag := CG⋊C[CG(g)]. (1.48)

We will find the isomorphism Φ : V̂
∼→ V([g],ρ) below.

Definition of the map

As noted in eq. (1.47), every basis element in V̂ can be written as (δbgb−1 ⊗ b)⊗Ag w with

a, b ∈ G, w ∈W . Set

Φ : V̂ ∋ (δbgb−1 ⊗ b)⊗Ag w 7−→ b⊗ w ∈ V([g],ρ). (1.49)

Well-definedness

With eq. (1.47) in mind, we identify, inside V̂ ,

(δbhgh−1b−1 ⊗ bh)⊗Ag w =
(
(δbhgh−1b−1 ⊗ b) · (δhgh−1︸ ︷︷ ︸

=δg

⊗h)
)
⊗Ag w

= (δbhgh−1b−1 ⊗ b)⊗Ag ρ̂(δg⊗ h)w
= (δbhgh−1b−1 ⊗ b)⊗Ag ρ(h)w, (1.50)

for h ∈ CG(g). Then we have

Φ
(
(δbhgh−1b−1 ⊗ bh)⊗Ag w

)
= bh⊗ w = b⊗ ρ(h)w = Φ

(
(δbgb−1︸ ︷︷ ︸

=δbhgh−1b−1

⊗b)⊗Ag ρ(h)w
)
, (1.51)

so Φ is indeed well-defined.

Surjectivity

Given any h⊗ w ∈ V([g],ρ) with h ∈ G, choose x := hgh−1. Then

(δx ⊗ h)⊗Ag w ∈ V̂ , Φ
(
(δx ⊗ h)⊗Ag w

)
= h⊗ w, (1.52)
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so every basis tensor of V ([g], ρ) has a pre-image in V̂ .

Injectivity

We already know

dim V̂ =
|D(G)|
|Ag|

dimW =
|G|2

|G| · |CG(g)|
dimW = |[g]|dimW = dimV([g],ρ). (1.53)

A surjective linear map between finite-dimensional vector spaces of equal dimension is

automatically injective; hence Φ is an isomorphism.

Step 5 Transporting the D(G)-action on V([g],ρ).

Define the D(G)-action on V([g],ρ) by

(δh⊗ k) · v := Φ
(
(δh⊗ k) · Φ−1(v)

)
, (1.54)

for h, k ∈ G, v ∈ V([g],ρ). This gives the explicit formula for v = a⊗ w (a ∈ G):

D(G)-action on the Yetter-Drinfel’d module V([g],ρ)

For h, k ∈ G and a⊗ w ∈ V([g],ρ) (a ∈ G, w ∈W ),

(δh ⊗ k) · (a⊗ w) =

{
ka⊗ w (h = kaga−1k−1)

0 (otherwise)
. (1.55)

This action is indeed a representation of D(G) since(
(δh1 ⊗ k1) · (δh2 ⊗ k2)

)
· (a⊗ w) = δh1,k1h2k−1

1
(δh1 ⊗ k1k2) · (a⊗ w)

= δh1,k1h2k−1
1
δh1,k1k2aga−1k−1

2 k−1
1
(k1k2a⊗ w), (1.56)

(δh1 ⊗ k1) ·
(
(δh2 ⊗ k2) · (a⊗ w)

)
= (δh1 ⊗ k1) · δh2,k2aga−1k−1

2
(k2a⊗ w)

= δh1,k1k2aga−1k−1
2 k−1

1
δh2,k2aga−1k−1

2
(k1k2a⊗ w)

= δh1,k1k2aga−1k−1
2 k−1

1
δh2,k1h1k−1

1
(k1k2a⊗ w), (1.57)

and

1D(G) · (a⊗ w) =
(∑
h∈G

δh ⊗ e
)
· (a⊗ w) =

∑
h∈G

δh,aga−1(a⊗ w) = a⊗ w, (1.58)

exhibit that it satisfies Def. 1.2. With this action V([g],ρ) is precisely the simpleD(G)-module

labeled by ([g], ρ).

1.5 Braided equivalence

In Subsection 1.2, we established that the representation category of a quasi-triangular

Hopf algebra is a braided monoidal category. The quantum double D(G) is the canonical

example of such an algebra, equipped with a universal R-matrix that endows Rep(D(G))

with a non-trivial braiding. We have also constructed, in Subsection 1.4, a functor Φ
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that establishes an equivalence of categories between Rep(D(G)) and the Drinfel’d center

Z(VecG) at the level of objects and morphisms.

The goal of this subsection is to elevate this correspondence to a full braided monoidal

equivalence. This requires demonstrating that the functor Φ also preserves the respective

braiding structures. To achieve this, we will first explicitly compute the braiding map in

Rep(D(G)) using its R-matrix. Second, we will derive the intrinsic braiding map for the

Drinfel’d center Z(VecG). Finally, by comparing the resulting expressions, we will show

they are identical under the established object correspondence, thereby proving the equiv-

alence Z(VecG) ∼= Rep(D(G)) as braided monoidal categories. This result is a cornerstone

of the theory, revealing that the quantum double is precisely the algebraic structure that

encodes the braiding of the center [3, 4].

The Braiding in Rep(D(G)) from the Universal R-matrix. The braiding in Rep(D(G))

is induced by the universal R-matrix of the quantum double. As noted earlier in Subsection

1.2, the universal R-matrix for D(G) = CG ⋊C[G] is given by

R =
∑
x∈G

(δx ⊗ 1)⊗ (1⊗ x) ∈ D(G)⊗D(G). (1.59)

Let V1, V2 be two modules in Rep(D(G)). The braiding isomorphism cV1,V2 : V1 ⊗ V2 →
V2 ⊗ V1 is defined according to eq. (1.16) as

cV1,V2(v1 ⊗ v2) = τ ◦
(
R ▷ (v1 ⊗ v2)

)
=
∑
x∈G

(
(1⊗ x) ▷ v2

)
⊗
(
(δx ⊗ 1) ▷ v1

)
, (1.60)

where τ is the flip map τ(v2 ⊗ v1) = v1 ⊗ v2. Let us compute this action explicitly on

the simple modules V1 = V([g1],ρ1) and V2 = V([g2],ρ2). We take arbitrary basis vectors

v1 = a1 ⊗ w1 ∈ V1 and v2 = a2 ⊗ w2 ∈ V2, where a1, a2 ∈ G and w1, w2 are vectors in the

respective representation spaces of ρ1, ρ2.

We compute the action of each part of the R-matrix separately using the action formula

from eq. (1.55):

(δh ⊗ k) · (a⊗ w) = δh,kaga−1k−1(ka⊗ w). (1.61)

1. Action of the CG component: The term (δx ⊗ 1) acts on v1 as a projection onto

the subspace where the grade is x:

(δx ⊗ 1) ▷ v1 = (δx ⊗ 1) · (a1 ⊗ w1) = δx,1·a1g1a−1
1 ·1−1(1 · a1 ⊗ w1) = δx,a1g1a−1

1
(a1 ⊗ w1).

(1.62)

This action is non-zero only if x matches the grade of the vector v1, which is the

conjugacy class element a1g1a
−1
1 .

2. Action of the C[G] component: The term (1⊗x) is shorthand for (
∑

y∈G δy)⊗x.
Its action on v2 is:

(1⊗ x) ▷ v2 =
(∑
y∈G

δy ⊗ x
)
· (a2 ⊗ w2) =

∑
y∈G

δy,xa2g2a−1
2 x−1(xa2 ⊗ w2). (1.63)
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The sum over y contains only one non-zero term, namely when y = xa2g2a
−1
2 x−1.

The action thus simplifies to a simple left multiplication by x:

(1⊗ x) ▷ v2 = xa2 ⊗ w2. (1.64)

Substituting these results back into the braiding formula, we get:

cV1,V2((a1 ⊗ w1)⊗ (a2 ⊗ w2)) =
∑
x∈G

(xa2 ⊗ w2)⊗
(
δx,a1g1a−1

1
(a1 ⊗ w1)

)
=
(∑
x∈G

δx,a1g1a−1
1
(xa2 ⊗ w2)

)
⊗ (a1 ⊗ w1). (1.65)

The Kronecker delta collapses the sum, fixing x to be the grade of v1. The final expression

for the braiding in Rep(D(G)) is:

cV1,V2((a1 ⊗ w1)⊗ (a2 ⊗ w2)) =
(
(a1g1a

−1
1 )a2 ⊗ w2

)
⊗ (a1 ⊗ w1). (1.66)

This formula has a clear interpretation: the braiding action on the second vector v2 is

determined by the grade of the first vector v1.

The Intrinsic Braiding in the Drinfel’d Center Z(VecG). The Drinfel’d center Z(C)
of any monoidal category C is intrinsically a braided monoidal category. An object in Z(C)
is a pair (X, γX), where X is an object of C and γX = {γX,Y : X ⊗ Y → Y ⊗X}Y ∈Ob(C)
is a natural family of isomorphisms, known as the half-braiding, satisfying the hexagon

identities. The braiding β in Z(C) between two objects (X, γX) and (Y, γY ) is defined

simply by the half-braiding of the first object:

β(X,γX),(Y,γY ) := γX,Y . (1.67)

For C = VecG, the category of G-graded vector spaces, an object in Z(VecG) is a G-

graded vector space V =
⊕

g∈G Vg that also carries a left G-action, h ▷ v, satisfying the

Yetter-Drinfel’d compatibility condition:

h ▷ Vg ⊆ Vhgh−1 for all h, g ∈ G. (1.68)

For such an object, the half-braiding γV acting on V ⊗W (for anyW ∈ VecG) is determined

by its dual structure of grading and action. For a homogeneous vector v ∈ Vx of grade x,

the half-braiding is given by acting with the grade:

γV,W (v ⊗ w) = (x ▷ w)⊗ v. (1.69)

Let us apply this to our simple objects. The object V1 = V([g1],ρ1) is a Yetter-Drinfel’d

module. From its construction in eq. (1.40), a basis vector v1 = a1⊗w1 has a specific grade,

namely the conjugacy class element x = a1g1a
−1
1 . The G-action on any object V([g2],ρ2) is

given by left multiplication on the group element component: k ▷ (a2 ⊗ w2) = (ka2)⊗ w2.

Using the definition of the braiding β in the center, we have:

βV1,V2(v1 ⊗ v2) = γV1,V2(v1 ⊗ v2) = (grade(v1) ▷ v2)⊗ v1. (1.70)

Substituting the grade of v1 and the action on v2, we find:

βV1,V2((a1 ⊗ w1)⊗ (a2 ⊗ w2)) =
(
(a1g1a

−1
1 ) ▷ (a2 ⊗ w2)

)
⊗ (a1 ⊗ w1)

=
(
(a1g1a

−1
1 )a2 ⊗ w2

)
⊗ (a1 ⊗ w1). (1.71)
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Equivalence of Braiding Structures. We can now finalize the proof of braided equiv-

alence. By comparing the explicit formula for the braiding c in Rep(D(G)), eq. (1.66), with

the formula for the braiding β in Z(VecG), eq. (1.71), we see that they are identical.

cV1,V2((a1 ⊗ w1)⊗ (a2 ⊗ w2)) = βV1,V2((a1 ⊗ w1)⊗ (a2 ⊗ w2)). (1.72)

This demonstrates that the functor Φ : Rep(D(G)) → Z(VecG) defined in Subsection

1.4 is a braided monoidal functor. Since it is an equivalence of categories, it is a braided

equivalence. This completes the proof that Rep(D(G)) and Z(VecG) are not just equivalent

as categories, but are the same as braided monoidal categories.

The correspondence is summarized in the table below, highlighting how the algebraic

structures in D(G) manifest as categorical properties in Z(VecG).

Feature Z(VecG) (Categorical Pic-

ture)

Rep(D(G)) (Algebraic Pic-

ture)

Objects A pair (V, ▷) consisting of a G-

graded vector space V =
⊕
Vg

and a compatible G-action h ▷

Vg ⊆ Vhgh−1 .

A left D(G)-module V . The

grading and action structures

are unified into a single module

structure.

Simple Ob-

jects

V([g],ρ): vectors graded by ele-

ments in the conjugacy class [g],

carrying an irrep ρ of the cen-

tralizer CG(g).

The induced mod-

ule Ind
D(G)
Ag

Wρ, where

Ag = CG ⋊C[CG(g)].

Tensor

Product

Standard graded tensor product

of vector spaces: (V ⊗ W )g =⊕
hk=g Vh ⊗Wk.

Action via the coproduct ∆: d▷

(v ⊗ w) = d(1) ▷ v ⊗ d(2) ▷ w for

d ∈ D(G).

Source of

Braiding

The half-braiding γV , which is

an intrinsic part of the defini-

tion of a central object.

The universal R-matrix R ∈
D(G)⊗D(G), a defining feature

of the quantum double.

Braiding

Map

βV1,V2(v1 ⊗ v2) = (grade(v1) ▷

v2)⊗ v1.
cV1,V2(v1⊗v2) = τ

(
R▷(v1⊗v2)

)
.

Table 3. Conceptual Dictionary for the Equivalence Z(VecG) ∼= Rep(D(G))

1.6 Proof of Z(VecG) ∼= Z(RepG)

In this subsection, we provide a detailed proof of the braided monoidal equivalence

between the Drinfel’d center of the category of G-graded vector spaces, Z(VecG), and the

Drinfel’d center of the category of G-representations, Z(RepG). While these two starting

categories, VecG and RepG, are fundamentally different, their centers are remarkably the

same. The proof strategy does not rely on finding a direct equivalence between VecG and

RepG (which does not exist, as they have different numbers of simple objects). Instead, we

will show that both Z(VecG) and Z(RepG) are braided monoidally equivalent to a third

category: the category of Yetter-Drinfel’d modules over the group algebra C[G]. This

establishes the desired equivalence.
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Step 1: The Center as a Category of Yetter-Drinfel’d Modules. The key insight,

as outlined in Section 3.5, is the deep connection between the abstract definition of the

Drinfel’d center and the concrete algebraic structure of Yetter-Drinfel’d modules. For any

finite-dimensional Hopf algebra H, there is a braided monoidal equivalence:

Z(RepH) ∼= H
HYD, (1.73)

where H
HYD is the category of left-left Yetter-Drinfel’d modules over H. An object in this

category is a vector space V that is simultaneously a left H-module and a left H-comodule,

satisfying the compatibility condition given in eq. (3.11).

Step 2: Identifying the Two Centers. We now apply this general result to our

specific case by choosing the Hopf algebra H = C[G]. We analyze Z(RepG) and Z(VecG)

separately.

1. The Center of RepG: The category of finite-dimensional representations of a group

G, RepG, is monoidally equivalent to the category of finite-dimensional modules of

its group algebra, Rep(C[G]). An equivalence of monoidal categories implies an

equivalence of their Drinfel’d centers. Therefore,

Z(RepG) ∼= Z(Rep(C[G])). (1.74)

Applying the general theorem (eq. (3.12)), we find that the center of the representa-

tion category is the category of Yetter-Drinfel’d modules:

Z(RepG) ∼= C[G]
C[G]YD. (1.75)

An object in Z(RepG) is therefore a vector space V equipped with a left G-action

(▷ : G × V → V ) and a left C[G]-coaction (which corresponds to a G-grading,

δ : V → C[G]⊗ V ) that satisfy the YD compatibility condition.

2. The Center of VecG: The categoryVecG is the category of G-graded vector spaces.

This category is monoidally equivalent to the category of left comodules over the

group algebra, Comod(C[G]). A general theorem, dual to the one used above, states

that for a Hopf algebra H, the center of its comodule category is also equivalent to

the category of Yetter-Drinfel’d modules: Z(Comod(H)) ∼= H
HYD. Applying this to

H = C[G] gives:

Z(VecG) ∼= Z(Comod(C[G])) ∼= C[G]
C[G]YD. (1.76)

This shows that objects in Z(VecG) are also precisely the Yetter-Drinfel’d modules

over C[G].

Step 3: The Equivalence and Explicit Correspondence. Since both Z(RepG)
and Z(VecG) are equivalent to the same category

C[G]
C[G]YD, they must be equivalent to each

other:
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Equivalence of Centers

Z(VecG) ∼= C[G]
C[G]YD ∼= Z(RepG). (1.77)

This proves the main result. We can now make the correspondence explicit. Object-

Object Correspondence:

The equivalence is the identity functor on the category of Yetter-Drinfel’d modules. Let’s

see how an object is viewed from the two different perspectives. A Yetter-Drinfel’d module

V over C[G] is a vector space with:

• A G-action: a : G→ End(V ).

• A G-grading: V =
⊕

g∈G Vg.

• A compatibility condition: a(h)(Vg) ⊆ Vhgh−1 for all h, g ∈ G.

• From the perspective of Z(VecG), we start with a G-graded space V =
⊕

g Vg ∈
Ob(VecG) and the center construction endows it with a compatible G-action a(h)

that forms the half-braiding.

• From the perspective of Z(RepG), we start with aG-representation (V, a) ∈ Ob(RepG)

and the center construction endows it with a compatible half-braiding, which is equiv-

alent to imposing a compatible G-grading.

The final object is the same in both cases. Thus, the object correspondence is simply the

identity map on the underlying YD modules. Braiding Structure Correspondence:

The braiding in any Drinfel’d center Z(C) is defined by the half-braiding. Let’s show this

yields the same formula in both pictures. Let V,W be two YD modules over C[G].

• In Z(VecG), the braiding between (V, aV ) and (W,aW ) is given by the half-braiding

of the first object. For a homogeneous vector vg ∈ Vg, this is defined by the action

of its grade:

βV,W (vg ⊗ w) = (g ▷W w)⊗ vg. (1.78)

This matches the structure derived in eq. (1.70).

• In Z(RepG), the half-braiding γV of an object (V, aV ) is determined by its comodule

structure (its grading). The braiding is defined as βV,W := γV,W . For a homogeneous

vector vg ∈ Vg, the coaction is δ(vg) = g ⊗ vg. The general formula for the braiding

in H
HYD is cV,W (v ⊗ w) = v(−1) ▷ w ⊗ v(0). For v = vg, this becomes:

βV,W (vg ⊗ w) = g ▷W w ⊗ vg. (1.79)

The resulting braiding formula is identical in both cases. Therefore, the braided monoidal

structures are the same. The conceptual correspondence is summarized in Table 4.
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Feature Z(VecG) Z(RepG)
Starting Category VecG (Category of G-graded

spaces ∼= Comod(C[G]))
RepG (Category of G-

representations ∼= Rep(C[G]))
Structure of Ob-

jects

A G-graded space V =
⊕

g Vg is

equipped with a compatible G-

action h ▷ Vg ⊆ Vhgh−1 .

A G-representation (V, ▷) is

equipped with a compatible G-

grading V =
⊕

g Vg.

Resulting Category The category of Yetter-Drinfel’d modules over C[G], C[G]
C[G]YD.

Braiding Formula βV,W (vg ⊗ w) = (g ▷ w)⊗ vg
Equivalent to Rep(D(G))

Table 4. Comparison of the two paths to the Yetter-Drinfel’d category.

1.7 Dimension formula for V([g],ρ)

We compute the vectoR-space dimension of the induced module just constructed. Be-

cause Ag and D(G) are both Hopf algebras that are finite dimensional and semisimple,

Frobenius reciprocity (or the characteristic zero orbit–stabiliser argument) gives the gen-

eral rule

dim IndBA(W ) =
dimB

dimA
dimW. (1.80)

Applying this with B = D(G) and A = Ag yields

dimV([g],ρ) =
dimD(G)

dimAg
dim ρ =

|G| · |G|
|CG(g)| · |G|

dim ρ

=
|G|
|CG(g)|

dim ρ = |[g]| dim ρ. (1.81)

Here we used dimD(G) = |G|2 (two group copies!), dimAg = |CG(g)| |G| (one copy of CG

restricted to the single function δg) and the orbit–stabiliser identity |[g]| = |G|/|CG(g)|.
Therefore

dimV([g],ρ) = |[g]| dim ρ . (1.82)

That is, the dimension factorises neatly into the size of the relevant conjugacy class and

the dimension of the chosen irrep of its stabiliser. This explicit factorisation is precisely

what shows up later in the categorical (quantum) dimensions inside Z(VecG).

2 Derivation of the fusion coefficients

For simples Vi, Vj , Vk in a semisimple tensor category we write

N k
ij = dimHom

(
Vi ⊗ Vj , Vk

)
.

In RepD(G) these are computed by characters.
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2.1 Character of V([g],ρ)

Choose a representative x ∈ [g]. The character χ([g],ρ) : D(G)→ C satisfies

χ([g],ρ)

(
δy ⊗ h

)
=


0, y /∈ [g],

|G|
|CG(y)|

δy,x χρ
(
h−1y h

)
, y ∈ [g].

2.2 Orthogonality of D(G)-characters

One has the orthogonality relation

1

|G|
∑
y∈G

∑
h∈G

χa(δy ⊗ h)χb(δy ⊗ h) = δa,b.

Inserting the formula above reduces the double sum to sums over centralizers.

2.3 Triple-product (Verlinde) formula

A standard Hopf-algebra (or Verlinde) computation gives

N k
ij =

1

|G|
∑
y∈G

∑
h1,h2,h∈G

χi(δy ⊗ h1)χj(δy ⊗ h2)χk(δy ⊗ h) δh1h2, h.

Plug in the induced-module characters, restrict y to the common conjugacy class, and

reparameterize h1, h2 by centralizer elements u ∈ CG(g1), v ∈ CG(g2). One obtains

N
([g],ρ)
([g1],ρ1), ([g2],ρ2)

=
1

|CG(g)| |CG(g1)| |CG(g2)|
∑
k∈G

∑
u∈CG(g1)

∑
v∈CG(g2)

δ k−1g1k u v=g χρ1(u) χρ2(v) χρ(g).

3 Gapped boundaries and Lagrangian subgroups

4 Drinfel’d center Z(C) for a general fusion category C

The preceding sections have established a braided equivalence between the representa-

tion category of the quantum double D(G) and the Drinfel’d center of VecG. This specific

example serves as a gateway to a more general and powerful construction in category theory.

This section generalizes the concept of the Drinfel’d center, also known as the monoidal

center, to an arbitrary monoidal category C. The Drinfel’d center construction, C 7→ Z(C),
is of fundamental importance as it provides a canonical and universal method for obtaining

a braided monoidal category from one that may not have a braiding to begin with [5].

This mathematical procedure has a profound physical interpretation, particularly in

the context of topological phases of matter. If a monoidal category C is understood to

describe the algebraic structure of line-like excitations (anyons) confined to the boundary

of a (2 + 1)-dimensional topological system, then its Drinfel’d center Z(C) describes the

properties of the deconfined, point-like excitations that can exist in the bulk of the system

[4, 6]. An object being “in the center” corresponds physically to a bulk particle that is

mutually transparent to all boundary excitations; it can be moved past any boundary

anyon without creating a non-trivial effect. The braiding that canonically emerges in Z(C)
is then precisely the anyonic statistics governing the exchange of these bulk excitations.
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4.1 Definition via half-braidings

The core idea behind the Drinfel’d center is to identify those objects within a monoidal

category C that can “commute” with all other objects in a coherent way. This notion of

commutation is captured by the structure of a half-braiding.

Definition 4.1:

Let (C,⊗, I, a, l, r) be a monoidal category. An object in the Drinfel’d center Z(C) is
a pair (X, γX), where:

1. X is an object of C.

2. γX is a half-braiding (or central structure). This is a natural isomorphism of

functors γX : FX → GX , where FX(−) = X ⊗ (−) and GX(−) = (−)⊗X.

Explicitly, the half-braiding consists of a family of isomorphisms

{γX,Y : X ⊗ Y ∼−→ Y ⊗X}Y ∈Ob(C) (4.1)

such that for any morphism f ∈ HomC(Y, Z), the following diagram commutes, express-

ing the naturality of γX [3]:

X ⊗ Y
γX,Y //

idX⊗f
��

Y ⊗X
f⊗idX
��

X ⊗ Z
γX,Z // Z ⊗X

(4.2)

Naturality alone is not sufficient. For the half-braiding to be consistent with the

monoidal structure of C, it must satisfy a coherence condition analogous to the hexagon

identity for a full braiding.

Definition 4.2:

The half-braiding γX for an object (X, γX) must satisfy the following hexagon identity :

for all objects Y, Z ∈ Ob C, the following diagram must commute [3, 5]:

(X ⊗ Y )⊗ Z
αX,Y,Z

tt

γX,Y ⊗idZ

**
X ⊗ (Y ⊗ Z)
γX,Y ⊗Z

��

(Y ⊗X)⊗ Z
αY,X,Z

��
(Y ⊗ Z)⊗X Y ⊗ (X ⊗ Z)

α−1
Y,Z,X◦(idY ⊗γX,Z)◦αY,Z,X

oo

(4.3)

where α is the associator of C. A more streamlined way to write the bottom path is

simply idY ⊗γX,Z after identifying objects related by associators, leading to the condition

γX,Y⊗Z = (α−1
Y,Z,X) ◦ (idY ⊗ γX,Z) ◦ αY,X,Z ◦ (γX,Y ⊗ idZ) ◦ α−1

X,Y,Z .
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With these definitions, we can now define the Drinfel’d center as a category.

Definition 4.3:

The Drinfel’d center Z(C) is the category whose:

• Objects are the pairs (X, γX) as defined above, consisting of an object X ∈ Ob C
and a half-braiding γX satisfying the hexagon axiom.

• Morphisms f : (X, γX) → (Y, γ′Y ) are morphisms f ∈ HomC(X,Y ) that are

compatible with the half-braiding structures. This means that for every object

Z ∈ C, the following diagram commutes [3, 5]:

X ⊗ Z
γX,Z //

f⊗idZ
��

Z ⊗X
idZ⊗f
��

Y ⊗ Z
γ′Y,Z // Z ⊗ Y

(4.4)

Composition of morphisms and identity morphisms in Z(C) are inherited directly from

C.

4.2 The braided monoidal structure of Z(C)

The category Z(C) is not just a category; it canonically inherits a monoidal structure

from C and, remarkably, possesses a natural braiding, even when C does not.

Monoidal structure. The tensor product in Z(C) is defined as follows. Given two

objects (X, γX) and (Y, γY ), their tensor product is the pair (X⊗Y, γX⊗Y ). The underlying

object is simply the tensor product in C. The crucial part is to define the new half-braiding

γX⊗Y . For any object Z ∈ C, the isomorphism γX⊗Y,Z : (X ⊗ Y ) ⊗ Z → Z ⊗ (X ⊗ Y ) is

constructed by composing the individual half-braidings γX and γY with the associators of

C [5]:

γX⊗Y,Z := aZ,X,Y ◦ (idZ ⊗ γX,Y ) ◦ a−1
X,Z,Y ◦ (γX,Z ⊗ idY ) ◦ aX,Y,Z . (4.5)

A diagrammatic representation makes this clearer: we first braid Z past Y , then past X.

The monoidal unit in Z(C) is the pair (I, γI), where I is the monoidal unit of C and its

half-braiding γI,Y : I ⊗ Y → Y ⊗ I is defined using the left and right unitors of C, i.e.,
γI,Y = rY ◦ l−1

Y .

Braided structure. A key feature of the Drinfel’d center is that its braiding is not

an additional structure that must be chosen, but rather an emergent property that arises

directly from the definition of its objects. The half-braiding γX of an object (X, γX) already

contains all the information needed to define how it braids with any other object in the

center.

Definition 4.4:

The braiding isomorphism β in Z(C) between two objects (X, γX) and (Y, γY ) is

defined by the half-braiding of the first object acting on the underlying object of the
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second [3]:

β(X,γX),(Y,γY ) := γX,Y : X ⊗ Y → Y ⊗X. (4.6)

One must verify that this β is indeed a valid morphism in Z(C), i.e., that it is compat-

ible with the half-braiding of the tensor product object (Y ⊗X, γY⊗X). This verification

is a direct consequence of the hexagon axiom for γX .

The most important property is that this braiding β satisfies the two hexagon identities

required for a braided monoidal category [7]. The proof of these identities reveals the

deep consistency of the construction, as the half-braiding hexagon for individual objects

guarantees the full braiding hexagon for the center. For example, the first hexagon identity

for β in Z(C) is the commutativity of the outer path in the following diagram:

((X, γX)⊗ (Y, γY ))⊗ (Z, γZ)

a

ss

β(X,γX ),(Y,γY )⊗id

++
(X, γX)⊗ ((Y, γY )⊗ (Z, γZ))

β(X,γX ),(Y,γY )⊗(Z,γZ )

��

((Y, γY )⊗ (X, γX))⊗ (Z, γZ)

a

��
((Y, γY )⊗ (Z, γZ))⊗ (X, γX)

a
++

(Y, γY )⊗ ((X, γX)⊗ (Z, γZ))

id⊗β(X,γX ),(Z,γZ )ss
(Y, γY )⊗ ((Z, γZ)⊗ (X, γX))

(4.7)

Unpacking the definitions of β and the tensor product in Z(C), this diagram’s commuta-

tivity reduces precisely to the hexagon axiom for the half-braiding γX . A similar argument

holds for the second hexagon identity.

The relationship between the structures in C and the emergent structures in Z(C) is

summarized in the table below.

Feature Structure in C Emergent Structure in Z(C)
Objects Object X Pair (X, γX) with a half-

braiding

Morphisms Morphism f : X → Y Morphism f compatible with

half-braidings

Tensor Product X ⊗ Y (X, γX) ⊗ (Y, γY ) = (X ⊗
Y, γX⊗Y )

Braiding (None necessarily) β(X,γX),(Y,γY ) = γX,Y

Table 5. Conceptual summary of the Drinfel’d center construction.

4.3 Properties and universal nature

The Drinfel’d center construction preserves many important properties of the original

category, making it a powerful tool in the study of tensor categories and their physical

applications.
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The forgetful functor and inherited properties. There is a canonical forgetful

functor F : Z(C) → C defined by F ((X, γX)) = X on objects and F (f) = f on mor-

phisms. This functor is faithful and strong monoidal. It essentially forgets the half-braiding

structure.

A crucial feature of the center construction is that it enhances the structure of the

category while preserving its richness. A deep result, central to the theory of topological

phases, is that if C is a fusion category, its center Z(C) is a modular tensor category

[1, 5]. This means Z(C) is not only braided and fusion, but also possesses a non-degenerate

braiding, a key requirement for constructing (2+1)-dimensional topological quantum field

theories (TQFTs).

Furthermore, the center construction preserves rigidity.

Proposition 4.1:

If C is a rigid monoidal category, then its Drinfel’d center Z(C) is also rigid.

(Proof)

Let (X, γX) be an object in Z(C). Since C is rigid, X has a left dual X∗ with evaluation

and coevaluation maps evX : X∗ ⊗ X → I and coevX : I → X ⊗ X∗. The left dual of

(X, γX) in Z(C) is the pair (X∗, γX∗). The half-braiding γX∗ is constructed from γX using

the duality structure of C. For any Y ∈ C, the isomorphism γX∗,Y : X∗ ⊗ Y → Y ⊗X∗ is

defined by the following diagrammatic identity [2, 3]: One then verifies that this defines a

valid half-braiding and that the evaluation and coevaluation maps in C become morphisms

in Z(C), satisfying the rigidity axioms. This ensures that if C describes particles with

antiparticles, so does Z(C).

■

The universal property. The Drinfel’d center is not just a clever construction; it is the

universal solution to the problem of finding a braided category related to C.

Theorem 4.1: Universal property of the Drinfel’d center

Let C be a monoidal category and let F : Z(C) → C be the forgetful functor. For any

braided monoidal category B and any strong monoidal functor G : B → C, there exists

a unique braided monoidal functor G̃ : B → Z(C) such that G = F ◦ G̃.

B C

Z(C)

∃! G̃

??

∀G
//

F

��
⟳

(4.8)

This property establishes Z(C) as the universal braided monoidal category that admits

a strong monoidal functor to C.[1, 8] In physical terms, any consistent theory of bulk anyons

(B) that can interact with the boundary theory (C) must be a subcategory of the canonical

bulk theory Z(C).
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4.4 Example: Center of the Ising fusion category

To illustrate these concepts with a concrete example, consider the Ising fusion cate-

gory, denoted I. This category is of central importance in condensed matter physics and

topological quantum computation, describing the fusion of Ising anyons. The category I
has three simple objects: the vacuum 1, the non-Abelian Ising anyon σ, and the fermion

ψ. Their key properties are:

• Fusion rules:

σ ⊗ σ = 1⊕ ψ, ψ ⊗ ψ = 1, σ ⊗ ψ = σ. (4.9)

• Quantum dimensions: d1 = 1, dψ = 1, and the non-integer dimension dσ =
√
2.

The Ising category itself is braided, but it is not modular. Its Drinfel’d center, Z(I),
however, is. It is a well-known result that the center is braided monoidally equivalent to

the modular tensor category associated with the affine Lie algebra so(8) at level 1, denoted

SO(8)1.

The structure of Z(I) reveals how the center can be richer than the original category.

Objects from I can be lifted to objects in Z(I), but sometimes in multiple distinct ways.

For example, the fermion ψ ∈ I lifts to two different objects in the center, (ψ, γ+ψ ) and

(ψ, γ−ψ ). These objects have the same underlying vector space but possess different half-

braiding structures, distinguishing them as bulk particles. This demonstrates that the

half-braiding is non-trivial additional data that characterizes the object’s universal braiding

properties.

4.5 Connection to Hopf algebras: Yetter-Drinfel’d modules

The abstract categorical framework of the Drinfel’d center connects back to the con-

crete algebraic language of Hopf algebras presented in Subsection 1.1. This connection

reveals that the Yetter-Drinfel’d compatibility condition is precisely the algebraic manifes-

tation of the categorical hexagon axiom for half-braidings.

Let us specialize to the case where C = Rep(H) for a finite-dimensional Hopf algebra

H over a field k. An object in Z(Rep(H)) is a pair (V, γV ) where V is a left H-module

and γV is a half-braiding.

From half-braiding to co-action. A half-braiding γV on V determines a map δ : V →
H ⊗ V . This map is defined by evaluating the half-braiding on the regular representation

H ∈ Rep(H) (where H acts on itself by left multiplication) at the unit element 1H ∈ H
[9]:

δ(v) := γV,H(v ⊗ 1H) ∈ H ⊗ V. (4.10)

Using the hexagon axiom for γV , one can prove that this map δ defines a left H-coaction

on V , making (V, δ) a left H-comodule.
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The Yetter-Drinfel’d condition. The requirement that γV is a natural family of H-

module morphisms, combined with the hexagon axiom, imposes a strong compatibility

condition between the H-action ▷ : H⊗V → V and the induced H-coaction δ : V → H⊗V .

This is exactly the Yetter-Drinfel’d (YD) compatibility condition.[10, 11] Using

Sweedler notation δ(v) = v(−1) ⊗ v(0), the condition for a left-left YD module is:

δ(h ▷ v) = h(1)v(−1)S(h(3))⊗ (h(2) ▷ v(0)) ∀h ∈ H, v ∈ V. (4.11)

This intricate formula is elegantly captured by a single commutative diagram, which shows

how the action and coaction ”commute” with each other.[8]

Equivalence of categories. This correspondence is not just at the level of objects; it

is an equivalence of braided monoidal categories. Let HHYD denote the category of left-left

Yetter-Drinfel’d modules over H.

Theorem 4.2:

There is a braided monoidal equivalence of categories:

Z(Rep(H)) ∼= H
HYD. (4.12)

This theorem provides the first crucial link: the abstract center of the representation

category is concretely realized by modules with a compatible action and coaction. The

second link connects this back to the quantum double.

Theorem 4.3:

For a finite-dimensional Hopf algebra H, there is a braided monoidal equivalence of cat-

egories between the category of Yetter-Drinfel’d modules over H and the representation

category of its Drinfel’d double D(H):

H
HYD ∼= Rep(D(H)). (4.13)

Here, the Drinfel’d doubleD(H) is the Hopf algebra built on the vector space (H∗)cop⊗
H, where H∗ is the dual Hopf algebra and ‘cop‘ denotes the opposite coproduct.[12, 13]

The smash product algebra D(G) = CG⋊C[G] used in Section 1 is the specific instance of

this construction for the group algebra H = C[G], where (C[G])∗ ∼= CG.
Combining these results yields the powerful chain of braided monoidal equivalences

that unifies the categorical and algebraic viewpoints:

Z(Rep(H)) ∼= H
HYD ∼= Rep(D(H)). (4.14)

This demonstrates that the detailed equivalence Z(VecG) ∼= Rep(D(G)) explored earlier

is a specific example of this theorem.

5 Z(C) ∼= C ⊠ Cop for a modular tensor category C

The equivalence Z(VecG) ∼= Rep(D(G)) provides a foundational example of how the

Drinfel’d center construction unveils a richer, braided structure from a simpler monoidal
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one. This result, however, is a specific instance of a more general and profound structural

theorem that applies to a special class of tensor categories known as modular tensor cate-

gories (MTC). These categories are the mathematical bedrock for describing the physics of

(2 + 1)d topological quantum field theories (TQFTs) and rational conformal field theories

(RCFTs) [5, 6, 8].

For a modular tensor category C, the structure of its Drinfel’d center Z(C) simplifies

dramatically. Instead of being a completely new and potentially much larger category, it

decomposes into C⊠Cop, where Cop has a reversed braiding structure. This result, primarily

established by Müger [7] provides the mathematical underpinning for the physical principle

of holography in this context, where a consistent, self-contained 2d boundary theory fully

determines its associated 3d bulk theory.

This section is devoted to a detailed exploration of this equivalence. We will first define

the necessary concepts, state the theorem rigorously, and provide a detailed proof. We will

then illustrate the theorem with the concrete example of the Ising category. Finally, we

will translate this mathematical statement into the language of physics, explaining its deep

connection to the bulk-boundary correspondence and the structure of bulk excitations as

pairs of counter-propagating chiral modes.

5.1 Preliminaries and statement of the theorem

To state the main theorem with precision, we must first define the key objects: mod-

ular tensor categories, the Deligne tensor product of categories, and the opposite braided

category.

Definition 5.1: Modular tensor category

A modular tensor category (MTC ) is a braided fusion category C over C such that

its braiding is non-degenerate.

Let us unpack this definition. A fusion category is a semisimple rigid C-linear monoidal

category with finitely many isomorphism classes of simple objects and a simple tensor

unit 1 [5]. The term braided refers to the existence of a natural family of isomorphisms

βX,Y : X ⊗ Y → Y ⊗X satisfying the hexagon identities. Rigidity ensures the existence of

dual objects, which is essential for defining traces and dimensions. For the braiding to be

non-degenerate, we require that the only objects that braid trivially with all other objects

are multiples of the tensor unit. More formally, an object X ∈ C is called transparent if

βY,X ◦ βX,Y = idX⊗Y for all Y ∈ C. The braiding is non-degenerate if the only transparent

objects are direct sums of the unit object 1.

An equivalent and more practical characterization of non-degeneracy is through the

S-matrix. Let {Xi}i∈I be a complete set of representatives for the isomorphism classes

of simple objects in C. The S-matrix is a square matrix with entries given by the trace of
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the double braiding:

Sij :=
1

D
Tr
(
βXj ,Xi ◦ βXi,Xj

)
=

1

D

Xi Xj

(5.1)

The third diagram is the Hopf link. The braiding is non-degenerate if and only if this

S-matrix is invertible [7]. This condition is what makes the category “modular,” as the

S-matrix, together with the T-matrix of topological twists, furnishes a projective represen-

tation of the modular group SL(2,Z).
Next, we define the product structure that appears in the decomposition.

Definition 5.2:

Let C1 and C2 be two braided monoidal categories. Their Deligne tensor product,

denoted C1 ⊠ C2, is a braided monoidal category defined as follows:

• Objects: Pairs (X1, X2) where X1 ∈ Ob(C1) and X2 ∈ Ob(C2). We often write

X1 ⊠X2 for such an object.

• Morphisms: HomC1⊠C2(X1 ⊠X2, Y1 ⊠ Y2) := HomC1(X1, Y1)⊗HomC2(X2, Y2).

• Tensor product: (X1 ⊠X2) ⊗ (Y1 ⊠ Y2) := (X1 ⊗ Y1) ⊠ (X2 ⊗ Y2). The unit is

1C1 ⊠ 1C2 .

• Braiding: The braiding β⊠ is defined by composing the individual braidings. For

objects X1⊠X2 and Y1⊠Y2, the braiding is the morphism in C1⊠C2 corresponding
to βC1X1,Y1

⊗ βC2X2,Y2
.

This construction is the universal recipient of braided monoidal functors from C1 and C2
[5].

Finally, we need the notion of an opposite braiding.

Definition 5.3:

Let (C,⊗, β) be a braided monoidal category. The opposite braided category, denoted

Cop,rev (or simply Cop when the context is clear), is the category with the same objects,

morphisms, and monoidal structure as C, but with a new braiding βop defined by

βopX,Y := (βY,X)
−1 : X ⊗ Y → Y ⊗X. (5.2)

One can verify that if β satisfies the hexagon identities for C, then βop satisfies the

hexagon identities for Cop,rev.

We are now equipped to state the main theorem of this section.
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Theorem 5.1:

Let C be a modular tensor category. There exists a braided monoidal equivalence of

categories:

Z(C) ∼= C ⊠ Cop,rev (5.3)

5.2 Proof of the equivalence

The proof proceeds by constructing an explicit braided monoidal functor F : C ⊠
Cop,rev → Z(C) and then showing it is an equivalence of categories, i.e., that it is fully

faithful and essentially surjective. The non-degeneracy of the braiding in C is the crucial

property that drives the proof.

5.2.1 Construction of the functor F : C ⊠ Cop,rev → Z(C)

We define the functor F on objects, morphisms, and the tensor product structure. The

most critical step is to construct a valid half-braiding for each object in the image of F .

On objects and morphisms. For an object X ⊠ Y ∈ C ⊠ Cop,rev, we define its image

under F to be the tensor product of its components within the category C:

F (X ⊠ Y ) := X ⊗ Y ∈ Ob(C). (5.4)

For a morphism (f ⊠ g) : (X ⊠ Y ) → (X ′ ⊠ Y ′), where f : X → X ′ and g : Y → Y ′, we

define

F (f ⊠ g) := f ⊗ g : X ⊗ Y → X ′ ⊗ Y ′. (5.5)

Defining the half-braiding. To show that F (X ⊠ Y ) gives an object in the Drinfel’d

center Z(C), we must equip it with a half-braiding γX⊗Y . This is a natural family of

isomorphisms γX⊗Y,Z : (X ⊗ Y ) ⊗ Z → Z ⊗ (X ⊗ Y ) for any Z ∈ C. We construct

this isomorphism by weaving Z through X and Y using the braidings from C and Cop,rev
respectively. The braiding from Cop,rev is βopY,Z = (βZ,Y )

−1.

The half-braiding γX⊗Y,Z is defined as the composition (suppressing associators for

clarity):

(X ⊗ Y )⊗ Z
idX⊗βY,Z−−−−−−→ X ⊗ (Z ⊗ Y )

βX,Z⊗idY−−−−−−→ (Z ⊗X)⊗ Y ∼−→ Z ⊗ (X ⊗ Y ). (5.6)

In string diagram notation, this composition is visualized as braiding Z first past Y and

then past X:

γX⊗Y,Z =

X

X

Y

Y

Z

Z

(5.7)

= (idZ ⊗ βX,Y ) ◦ a−1
Z,X,Y ◦ (βX,Z ⊗ idY ) ◦ aX,Z,Y ◦ (idX ⊗ βY,Z) ◦ a−1

X,Y,Z .
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A standard but lengthy diagrammatic calculation confirms that this definition of γX⊗Y
satisfies the hexagon axiom required for a half-braiding. Furthermore, one can show that

F is a strong monoidal functor that preserves the braiding structures, making it a braided

monoidal functor.

5.2.2 Proof of full faithfulness

To show F is fully faithful, we must demonstrate that for any two objects A = X ⊠ Y

and B = X ′ ⊠ Y ′, the map

FA,B : HomC⊠Cop,rev(A,B)→ HomZ(C)(F (A), F (B)) (5.8)

is an isomorphism. The domain is HomC(X,X
′) ⊗ HomC(Y, Y

′). An element in the

codomain is a morphism h : X ⊗ Y → X ′ ⊗ Y ′ in C that is compatible with the half-

braidings, meaning for every Z ∈ C, the following diagram must commute:

(X ⊗ Y )⊗ Z
γX⊗Y,Z //

h⊗idZ
��

Z ⊗ (X ⊗ Y )

idZ⊗h
��

(X ′ ⊗ Y ′)⊗ Z
γX′⊗Y ′,Z // Z ⊗ (X ′ ⊗ Y ′)

(5.9)

The functor F maps a morphism f ⊗ g to itself, and one can check that h = f ⊗ g satisfies

this condition. The core of the proof is to show that these are the only solutions. This is

where the non-degeneracy of C becomes essential. The argument, detailed in [7], involves

showing that the space of all such intertwining morphisms h (known as the centralizer of

the functor C → End(C) given by Z 7→ −⊗Z) is precisely Hom(X,X ′)⊗Hom(Y, Y ′). The

non-degeneracy condition ensures that the braiding is ”rich” enough to uniquely determine

that any such h must have the tensor product form f ⊗ g.

5.2.3 Proof of essential surjectivity

This is the most profound part of the proof. We need to show that any object (A, γA) ∈
Z(C) is isomorphic to an object of the form X⊗Y for some X,Y ∈ C, with the half-braiding

induced by our functor F . The proof relies on the theory of algebra objects within tensor

categories.

1. Embedding C into its center: There is a canonical braided monoidal functor

G : C → Z(C) that sends an object X ∈ C to the pair (X,βX,−), where βX,− is the

braiding of C viewed as a half-braiding. This embeds C as a braided subcategory

within its own center.

2. The centralizer subcategory: The centralizer of G(C) in Z(C), denoted G(C)′,
consists of objects in Z(C) that braid trivially with all objects in the image ofG. A key

result is that this centralizer subcategory is braided monoidally equivalent to Cop,rev.
The functor is given by mapping Y ∈ Cop,rev to the object (Y, (β−,Y )

−1) ∈ Z(C).

3. decomposition via non-degeneracy: The non-degeneracy of the braiding of C
implies a powerful structural property for its center. Specifically, it implies that
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Z(C) is generated by the subcategory G(C) and its centralizer G(C)′. This leads to

the conclusion that the Deligne product functor

C ⊠ Cop,rev → Z(C) (5.10)

given by (X,Y ) 7→ G(X)⊗ (Y, (β−,Y )
−1) is an equivalence of categories. The under-

lying object in C is simply X ⊗ Y , matching our functor F .

This argument establishes that every object in Z(C) can be decomposed into a tensor

product of an object from C and an object from its opposite, proving essential surjectivity

and completing the proof of the theorem.

5.3 Example: Center of the Ising category

To make the abstract theorem of Section 4.1 concrete, we now provide a detailed,

calculational walkthrough of the quintessential example of a non-Abelian modular tensor

category (MTC): the Ising category, which we denote by I. This category is mathemati-

cally equivalent to the representation category of the SU(2)2 Wess-Zumino-Witten (WZW)

conformal field theory and the corresponding SU(2) Chern-Simons theory at level k = 2

[5, 8]. Physically, it is believed to describe the universal properties of anyonic excitations

in the non-Abelian phase of Kitaev’s honeycomb model and in certain fractional quantum

Hall states, most notably the ν = 5/2 state [9, 10].

The Ising category I serves as the primary test case for the main theorem of this

section, Z(C) ∼= C ⊠ Cop,rev, because it is the simplest MTC that is not a representation

category of a group.

Simple objects and fusion rules. The Ising category has three isomorphism classes of

simple objects:

• 1: The vacuum or identity object.

• ψ: The fermion. This is an invertible object, meaning it has a multiplicative inverse

under the tensor product.

• σ: The non-Abelian Ising anyon.

The tensor product structure is defined by the following fusion rules [10]:

1⊗X = X ⊗ 1 = X, ∀X ∈ {1, ψ, σ} (5.11)

ψ ⊗ ψ = 1 (5.12)

ψ ⊗ σ = σ ⊗ ψ = σ (5.13)

σ ⊗ σ = 1⊕ ψ (5.14)

The final rule, σ ⊗ σ = 1 ⊕ ψ, is the defining non-Abelian feature of the theory. It states

that the fusion of two σ anyons can result in either the vacuum or a fermion, with the

outcome being a quantum superposition. This implies that the vector space of morphisms
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Hom(σ ⊗ σ,1) and Hom(σ ⊗ σ, ψ) are both one-dimensional. The quantum dimensions of

the simple objects are:

d1 = 1, dψ = 1, dσ =
√
2. (5.15)

These dimensions are consistent with the fusion rules, for instance, dσ · dσ = (
√
2)2 = 2 =

1 + 1 = d1 + dψ. The non-integer quantum dimension of σ is a hallmark of non-Abelian

anyon theories.

Goal and computational strategy. Our objective is to explicitly derive the modular

S-matrix for the Ising category, as given in eq. (4.12), from first principles. The S-matrix

is defined by the trace of the double braiding operation, Sij = Tr(βj,i ◦ βi,j). This defi-

nition reveals a clear logical path: to compute the S-matrix, we must first determine the

braiding isomorphisms βi,j . These isomorphisms, however, are not fundamental; they are

constructed from more elementary data known as the F -matrices and R-matrices. These

matrices are, in turn, constrained by the fundamental consistency axioms of any tensor

category: the pentagon and hexagon identities.

Therefore, our derivation will proceed as follows:

1. Solve the pentagon identity to find the F -matrices (which govern basis changes for

fusion).

2. Solve the hexagon identity to find the R-matrices (which govern elementary particle

exchanges).

3. Use the F - and R-matrices to construct the full braiding isomorphisms βi,j .

4. Independently derive the topological spins θi for each anyon.

5. Use the braiding isomorphisms to compute the S-matrix elements via the trace for-

mula.

This step-by-step process demonstrates how the entire rich structure of an MTC is boot-

strapped from its fusion rules and fundamental consistency axioms.

5.3.1 The braiding structure: F - and R-matrices

The braiding of anyons is governed by two sets of data: the F -matrices, which describe

how to re-associate fusion products, and the R-matrices, which describe the phase acquired

upon a simple exchange.

The F -matrix and the pentagon identity. When fusing three anyons, the order of

fusion matters. For example, fusing three σ anyons to a final σ anyon can proceed in two

ways, giving two basis states for the fusion space Hom(σ ⊗ σ ⊗ σ, σ):

σ σ σ

1

σ

and

σ σ σ

ψ

σ

(5.16)
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The F -matrix, [F abcd ]fe , is the unitary transformation that relates different fusion bases

(different parenthesizations of the fusion product). Its elements are constrained by the

pentagon identity, which guarantees that the associativity of the tensor product is co-

herent. For the fusion of four objects, the pentagon identity is expressed diagrammatically

as: ∑
g

[F fcgd ]kh[F
abe
h ]gf = [F abcd ]fe [F

aed
f ]kh. (5.17)

Most F -symbols in the Ising theory are trivial (equal to 1). The only non-trivial F -matrix

arises from the fusion of three σ anyons. By applying the pentagon identity to the fusion

of four σ anyons and solving the resulting system of polynomial equations, we find the F -

matrix for the process σ ⊗ σ ⊗ σ → σ. In the standard unitary gauge where the F -matrix

is real and symmetric, the unique solution is the Hadamard matrix [10]:

F σσσσ =

(
[F σσσσ ]11 [F σσσσ ]1ψ
[F σσσσ ]ψ1 [F σσσσ ]ψψ

)
=

1√
2

(
1 1

1 −1

)
. (5.18)

Here, the rows are indexed by the intermediate particle in the left-associated fusion tree

((σσ)σ → σ), and the columns are indexed by the intermediate particle in the right-

associated fusion tree (σ(σσ)→ σ).

The R-matrices and the hexagon identity. The R-matrix, Rijk , gives the phase

associated with the elementary braiding of anyon i over anyon j when their fusion product

is fixed to be k. The R-matrices are constrained by the hexagon identity, which ensures

that the braiding is compatible with the fusion structure. Diagrammatically, the hexagon

identity relates two different sequences of F -moves and R-moves that result in the same

overall braid.

For the Ising category, we solve the hexagon equations using the F -matrix from

eq. (5.18). This yields the non-trivial R-symbols. For the fusion of two σ anyons, we

have two possible outcomes, leading to two distinct R-symbols [10, 11]:

Rσσ1 = e−iπ/8 (5.19)

Rσσψ = ei3π/8 (5.20)

Additionally, the braiding of a fermion with a σ anyon is given by:

Rψσσ = −i (5.21)

This reflects the fact that σ carries a Z2 charge (it is a fermion from the perspective of the

Z2 grading group generated by ψ). All other R-symbols involving the vacuum are trivial

(Ri1j = R1i
j = 1).

The braiding isomorphism βσ,σ. With the F - and R-matrices in hand, we can con-

struct the full braiding operator βσ,σ, which acts on the two-dimensional Hilbert space

Vσσ = span{|fuse to 1⟩, |fuse to ψ⟩}. This operator describes the complete effect of ex-

changing two σ anyons, including the change of basis between different fusion channel
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orderings. It is constructed via the relation depicted by the following diagrammatic iden-

tity:

βσ,σ =
∑

k∈{1,ψ}

F σσσσ ·Rσσk · (F σσσσ )−1 (5.22)

In matrix form, this is:

βσ,σ = F σσσσ

(
Rσσ1 0

0 Rσσψ

)
(F σσσσ )−1 (5.23)

=
1√
2

(
1 1

1 −1

)(
e−iπ/8 0

0 ei3π/8

)
1√
2

(
1 1

1 −1

)

=
1

2

(
1 1

1 −1

)(
e−iπ/8 e−iπ/8

ei3π/8 −ei3π/8

)

=
1

2

(
e−iπ/8 + ei3π/8 e−iπ/8 − ei3π/8
e−iπ/8 − ei3π/8 e−iπ/8 + ei3π/8

)

= eiπ/8

(
cos(π/4) −i sin(π/4)
−i sin(π/4) cos(π/4)

)
=
eiπ/8√

2

(
1 −i
−i 1

)
(5.24)

This explicit matrix is the key ingredient for calculating the Sσσ matrix element.

5.3.2 Topological spins

The topological spin, θi, of an anyon i is the phase it acquires when its worldline

undergoes a full 2π twist. This property is intrinsic to the anyon and is closely related to

its statistics. In the language of conformal field theory (CFT), which describes the gapless

edge modes of the topological phase, the topological spin is directly related to the conformal

weight (or scaling dimension) hi of the corresponding primary field via the formula:

θi = e2πihi . (5.25)

This TQFT-CFT correspondence provides a powerful physical anchor for the abstract

categorical data. The Ising MTC corresponds to the c = 1/2 minimal model CFT, whose

primary fields and their conformal weights are well-known [10, 12]:

• Identity field 1: h1 = 0

• Fermion field ψ: hψ = 1/2

• Spin field σ: hσ = 1/16

From these, we can directly calculate the topological spins for the Ising anyons.

The fact that θψ = −1 confirms its fermionic nature, while the fractional spin of σ is

a key non-Abelian characteristic.
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Simple Object (i) Conformal Weight (hi) Topological Spin (θi = e2πihi)

1 0 1

ψ 1/2 eiπ = −1
σ 1/16 eiπ/8

Table 6. Topological spins of the simple objects in the Ising category, derived from their corre-

sponding CFT conformal weights.

5.3.3 The modular S-matrix

The modular S-matrix is a central invariant of any MTC. Its elements, Sij , encode the

mutual statistics between anyons i and j. As given in eq. (4.1), Sij is defined as the trace

of the double-braiding operator, which is equivalent to the Jones polynomial evaluation of

the Hopf link with strands colored by i and j.

Sij =
1

D
Tr(βj,i ◦ βi,j) =

1

D

i j

(5.26)

where D =
√∑

k d
2
k =

√
12 + 12 + (

√
2)2 = 2 is the total quantum dimension of the Ising

category. The trace is taken over the Hilbert space of the combined system i⊗ j.

Calculation of S-matrix elements. We now compute the elements of the (un-normalized)

S-matrix, S̃ij = DSij , on a case-by-case basis.

• Vacuum sector (i = 1): Braiding with the vacuum is trivial (βj,1 = β1,j = idj).

Thus, S̃1j = Tr(idj) = dj . This gives the first row and column: (S̃11, S̃1ψ, S̃1σ) =

(d1, dψ, dσ) = (1, 1,
√
2).

• S̃ψψ: The braiding of two fermions is a simple phase, βψ,ψ = −1. The double braid

is (βψ,ψ)
2 = (−1)2 = 1. The trace is Tr(1 · idψ) = dψ = 1. So, S̃ψψ = 1.

• S̃ψσ: The braiding of a fermion and a σ is also a simple phase, βψ,σ = Rψσσ = −i.
The double braid is (βψ,σ)

2 = (−i)2 = −1. The trace is Tr(−1 · idσ) = −dσ = −
√
2.

So, S̃ψσ = −
√
2.

• S̃σσ: This is the most important calculation. We need to compute Tr((βσ,σ)
2). Using

the result from eq. (5.24), we first compute the square of the braiding matrix:

(βσ,σ)
2 =

(
eiπ/8√

2

(
1 −i
−i 1

))2

=
eiπ/4

2

(
1 −i
−i 1

)(
1 −i
−i 1

)

=
eiπ/4

2

(
1− 1 −i− i
−i− i −1 + 1

)
=
eiπ/4

2

(
0 −2i
−2i 0

)
= eiπ/4

(
0 −i
−i 0

)
(5.27)
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The trace of this operator is taken over the fusion space basis {|1⟩, |ψ⟩}.

S̃σσ = Tr
(
(βσ,σ)

2
)
= Tr

(
eiπ/4

(
0 −i
−i 0

))
= 0. (5.28)

The vanishing of Sσσ is a profound consequence of the non-Abelian nature of σ. It means

that the state resulting from a double braid of two σ anyons is orthogonal to the initial

state in the fusion channel basis. This leads to destructive interference phenomena that

can, in principle, be experimentally measured [11].

Final result. Assembling all the elements and normalizing by D = 2, we obtain the

modular S-matrix for the Ising category:

S-matrix for Ising category

SI =
1

2

 1 1
√
2

1 1 −
√
2√

2 −
√
2 0

 . (5.29)

This matrix is symmetric and unitary (SS† = 1). Crucially, it is invertible (det(SI) =

−1/2 ̸= 0), which confirms that the Ising category is indeed modular. This result matches

eq. (4.12) and the known S-matrix for the SU(2)2 theory [8].

5.3.4 The center Z(I)

Having established that the Ising category I is modular, we can now apply the main

theorem of this section (Theorem 4.1). The Drinfel’d center Z(I), which describes the bulk

theory corresponding to the Ising boundary theory, must be braided monoidally equivalent

to the Deligne product of I with its opposite category:

Z(I) ∼= I ⊠ Iop,rev. (5.30)

This decomposition provides a powerful constructive principle. The simple objects of the

bulk theory are simply pairs of objects from the boundary theory, one ”left-moving” (from

I) and one ”right-moving” (from Iop,rev). This gives a total of 3× 3 = 9 simple objects in

the center. Their properties, such as quantum dimension, are determined by the product of

the properties of their constituents. This prediction perfectly matches the known structure

of Z(I), which is equivalent to the SO(8)1 modular tensor category [5]. The structure of

the center is summarized in Table 7.

This example beautifully illustrates how a detailed understanding of a modular bound-

ary theory (I) allows for a complete and constructive description of its corresponding bulk

theory (Z(I)), realizing the holographic principle in this context.

5.4 Physical interpretation: Bulk excitations as paired chiral modes

The equivalence Z(C) ∼= C⊠ Cop,rev is not merely a mathematical curiosity; it is a pro-

found statement about the relationship between physical theories in different dimensions,

a concept known as the bulk-boundary correspondence.
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Object in I ⊠ Iop,rev Quantum Dimension Physical Interpretation (Left-Mover,

Right-Mover)

(1,1) 1× 1 = 1 Vacuum sector

(1, ψ) 1× 1 = 1 Purely right-moving fermion

(ψ,1) 1× 1 = 1 Purely left-moving fermion

(ψ,ψ) 1× 1 = 1 Paired left- and right-moving fermions

(1, σ) 1×
√
2 =
√
2 Purely right-moving non-Abelian anyon

(σ,1)
√
2× 1 =

√
2 Purely left-moving non-Abelian anyon

(ψ, σ) 1×
√
2 =
√
2 Paired fermion (L) and anyon (R)

(σ, ψ)
√
2× 1 =

√
2 Paired anyon (L) and fermion (R)

(σ, σ)
√
2×
√
2 = 2 Paired left- and right-moving anyons

Table 7. Simple objects of Z(I) predicted by the decomposition theorem. The structure of the

bulk theory is transparently built from two copies of the boundary theory.

The ”bulk = center” principle. In the study of (2+1)D topological phases of matter,

a fundamental principle, articulated by Kitaev, Kong, and Wen, is that the algebraic theory

of anyonic excitations in the 3d bulk is completely determined by the algebraic theory of

excitations on any of its 2d gapped boundaries [13, 14]. Mathematically, if the boundary

theory is described by a fusion category C, the bulk theory is described by its Drinfel’d

center, Z(C). This is often summarized by the slogan ”Bulk = Center”. This principle is a

powerful manifestation of holography: the information content of the higheR-dimensional

bulk is fully encoded in its loweR-dimensional boundary.

When does the decomposition apply? The specific decomposition Z(C) ∼= C⊠Cop,rev
holds if and only if the boundary category C is itself modular. This has a crucial physical

meaning.

• A generic fusion category C may describe a quantum theory that is anomalous. An

anomalous theory cannot exist as a standalone, consistent system in its own dimen-

sion; it must be realized as the boundary of a higheR-dimensional system. In this

case, Z(C) describes the non-trivial bulk theory that is required to cancel the anomaly

of the boundary.

• A modular tensor category C, by contrast, describes a consistent, non-anomalous,

chiral (1 + 1)D theory. Specifically, it is the category of representations of the chiral

algebra of a Rational Conformal Field Theory (RCFT) [8, 15].

Therefore, the theorem applies precisely when the boundary of the (2 + 1)D TQFT is not

just any gapped edge, but is itself a full-fledged RCFT.

Counter-propagating modes. A full (non-chiral) RCFT is constructed from two chiral

halves: a left-moving (holomorphic) sector and a right-moving (anti-holomorphic) sector.

If the left-moving sector is described by the MTC C, then consistency (specifically, modu-

lar invariance of the partition function on a torus) requires the right-moving sector to be
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described by the opposite braided category, Cop,rev. The inverse braiding in Cop,rev cor-

responds physically to the complex conjugation that distinguishes anti-holomorphic from

holomorphic dependence on the worldsheet coordinates.

The bulk fields (or local operators) of the full RCFT are formed by pairing primary

fields from the left-moving sector with primary fields from the right-moving sector. The

algebraic structure of these bulk fields is precisely that of the Deligne product C ⊠ Cop,rev.
The theorem Z(C) ∼= C ⊠ Cop,rev thus carries a deep physical message:

If the boundary of a (2 + 1)d topological phase is a rational conformal field

theory (described by MTC C), then the bulk excitations are simply pairs of the

boundary’s counteR-propagating chiral and anti-chiral modes.

The bulk theory is not fundamentally new; it is just the “doubled” version of the boundary

theory, made local and non-chiral. This is the ultimate expression of the holographic

principle in this context. The dictionary between the mathematical and physical concepts

is summarized in Table 8.

Mathematical Concept Physical Interpretation in TQFT/RCFT

Fusion Category C Algebraic theory of anyons on a gapped (1 + 1)D

boundary. Can be anomalous.

Modular Tensor Category

C
Theory of a non-anomalous, chiral half of a (1 + 1)D

RCFT (e.g., left-movers).

Opposite Category Cop,rev The other chiral half of the RCFT (e.g., right-movers

/ anti-holomorphic sector).

Deligne Product C⊠Cop,rev The theory of local bulk operators in the full RCFT,

formed by pairing left- and right-movers.

Drinfel’d Center Z(C) The unique (2 + 1)D bulk theory corresponding to a

boundary theory C (”Bulk = Center”).

Equivalence Z(C) ∼= C ⊠
Cop,rev

The statement that the bulk TQFT for a modular

boundary C is precisely the TQFT of the full RCFT

built from C and its opposite.

Table 8. Physical Dictionary for Müger’s Decomposition Theorem.

6 Gapped boundaries and Lagrangian algebra objects

In this subsection, we recapitulate the detailed procedures of anyon condensation,

which is also reviewed in Subsection 4.3 in Ref. [16] for 2d theories with fusion category

symmetries, and in Subsection 3.1 - 3.2 in Ref. [17], Subsection 4.1 in Ref. [18], Subsection

7.1 in Ref. [19] for 3d TQFT with modular tensor category symmetries. Recent develop-

ments include, for example, Refs. [20, 21].

Let C be a modular tensor category (MTC) associated with a 3d TQFT T and I(C) be
the label set of simple objects in C. A modular tensor category C is a C-linear semisimple

finite ribbon category, where the simple objects in C are Wilson lines labeled by I(C) rep-
resenting the fundamental excitations in 3d TQFT T . Each condition defining a modular
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tensor category corresponds physically to the existence of a finite family of inequivalent

Wilson lines (Li)i∈I(C), the well-defined concept of product (fusion) between them, and the

braiding, the exchange of different particles.

In considering anyon condensation, let us first introduce a specific object named algebra

object in C, which is defined for braided tensor categories in general. An algebra object

in C is a triplet (A,m, η) consisting of an object A =
⊕

i∈I(C) Z
A
i Li ∈ Ob C (ZA

i ∈ Z≥0),

the product morphism m : A⊗A → A and the unit morphism η : 1 → A satisfying

the associativity and the unit axiom

m ◦ (m⊗ idA) = m ◦ (idA⊗m) ◦ αA,A,A, (6.1)

m ◦ (η ⊗ idA) = idA = m ◦ (idA⊗η), (6.2)

where αA,A,A : (A⊗A)⊗A ∼→ A⊗ (A⊗A) is the associator (associativity isomorphism)

in C. They are described pictorially as

A

A A A

A

m

m =

A

A A A

A

m

m ,

A

1 A
η

m
=

A

A

=

A

A 1

η

m
. (6.3)

In an analogous fashion, a co-algebra object in C is a triplet (A,∆, ι) where A ∈ Ob C is

an object, ∆ : A → A ⊗ A is the co-product morphism and ι : A → 1 is the co-unit

morphism, complying the co-associativity and the co-unit axiom

αA,A,A ◦ (∆⊗ idA) ◦∆ = (idA⊗∆) ◦∆, (6.4)

(ι⊗ idA) ◦∆ = idA = (idA⊗ι) ◦∆, (6.5)

expressed as the same diagram as eq. (6.3) but with their orientation reversed vertically

A

A A A

A

∆

∆ =

A

A A A

A

∆

∆ ,

A

1 A
ι

∆
=

A

A

=

A

A 1
ι

∆
. (6.6)

If A is both an algebra object and a co-algebra object in C, it must further fulfill the follow-

ing conditions to be condensable. These conditions are imposed to ensure that the result

of anyon condensation is independent of the choice of the triangulation of the spacetime

manifold, and the theory still retain the unit object 1 even after condensation. We will

shortly see how triangulation is involved in the process of anyon condensation. The first

condition is the separability

m ◦∆ = c · idA (∃c ∈ Z≥0), (6.7)

which states that fusing after branching amounts to doing nothing up to a constant factor:

A

A

A A
∆

m ∝

A

A

. (6.8)
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A separable algebra object is connected (or haploid) if

dimHomC(1,A) = 1, (6.9)

that is, A has only single identity object 1 in it. More complex and more paramount is

the Frobenius condition

(idA⊗m) ◦ (∆⊗ idA) = ∆ ◦m = (m⊗ idA) ◦ (idA⊗∆), (6.10)

requiring the consistency under crossing:

A A

A A

∆ m =

A A

A A

A
m

∆

=

A A

A A

∆m . (6.11)

An algebra object A is commutative if

m = m ◦ cA,A, (6.12)

where cA,A : A ⊗ A ∼→ A ⊗ A is the braiding isomorphism between two A’s in C.
Graphically, it guarantees that A acquires no non-trivial phase after braiding

A

A A

m
=

A

A A

m
. (6.13)

Combining the above conditions, a condensable anyon in 3d TQFT is a connected com-

mutative separable Frobenius algebra object A =
⊕

i∈I(C) Z
A
i Li ∈ Ob C.2 A condensable

anyon is Lagrangian if its quantum dimension (Frobenius-Perron dimension3) dimA
squares to the total quantum dimension D :=

√∑
i∈I(C)(dimLi)2 of the MTC C. This

is equivalent to asserting that A is the “maximal” object that can be condensed in the

symmetry category C, in a sense that adding any other object in C to A breaks at least one

of its defining properties (typically by yielding a non-trivial braiding phase). In general,

there are multiple inequivalent choices of Lagrangian condensable anyons in C.

7 Categorical Tannaka-Krein duality

7.1 Group theoretical case

The classical Tannaka-Krein duality is a cornerstone of representation theory of group,

providing a profound answer to the question:

2A condensable anyon in 2d, on the other hand, is a connected symmetric separable Frobenius algebra

object [16].
3Frobenius-Perron dimension coincides with quantum dimension in general spherical fusion categories.
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“To what extent does the collection of all representations Rep(G) of a group

G determine the group G itself?”

For Abelian groups, the answer is “completely,” and the duality is know as the Pontrjagin

duality : For an Abelian group G, all its irreducible representaions (irreps.) over C are

indeed one dimensional, and the set of these irreps.

Ĝ := {ρ : G→ C× | ρ(e) = 1, ρ(g)ρ(h) = ρ(gh) (∀g, h ∈ G)} (7.1)

has a group structure as well and is isomorphic to the original group G when G is finite,

as we shortly explain in detail. The Tannaka-Krein duality generalizes the Pontryagin

duality to the non-Abelian setting [22–24]. In this generalization, the object dual to the

group is no longer another group but a more intricate structure: a symmetric monoidal

category formed by the group’s representations. The group is then recovered as the group

of “symmetries of the symmetries”—that is, the automorphisms of the process of forgetting

the group action, a concept captured by the fiber functor [5, 25].

7.1.1 Motivation: from symmetries to categories

The motivation for developing such a sophisticated duality theory is best understood

by starting with its simpler predecessor and observing where it falls short.

Pontryagin duality as a starting point. For a locally compact Abelian group G,

Pontryagin duality provides a perfect correspondence between the group and its dual object,

the character group Ĝ.

Definition 7.1: Character group

The character group is defined as the set of all continuous group homomorphisms from

G to the circle group U(1),

Ĝ := Hom(G,U(1)) := {χ : G→ U(1) |χ(g)χ(h) = χ(gh) (∀g, h ∈ G)}. (7.2)

By definition, all the elements in Ĝ are the one dimensional representations of G. The

pointwise multiplication (χ1χ2)(g) = χ1(g)χ2(g) for χ1, χ2 ∈ Ĝ defines the group operation

on Ĝ. The inverse element χ−1 for χ ∈ Ĝ is defined by

χ−1(g) :=
1

χ(g)
, g ∈ G (7.3)

The fundamental theoretical foundation of Pontrjagin duality rests on two key results:

Theorem 7.1: Irreducible representations of Abelian groups

Let G be an Abelian group and let (ρ, V ) be a finite-dimensional irreducible representa-

tion of G over C. Then dimV = 1 and ρ ∈ Ĝ.

(Proof)

Let (ρ, V ) be an irreducible representation of the Abelian group G. For any g ∈ G and

h ∈ G, since G is Abelian, we have gh = hg. This implies that ρ(g)ρ(h) = ρ(h)ρ(g) for all

g, h ∈ G.
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Fix any g ∈ G. Since ρ(g) commutes with all operators ρ(h) for h ∈ G, by Schur’s

lemma, ρ(g) must be a scalar multiple of the identity: ρ(g) = λg · IdV for some λg ∈ C.
Now consider any non-zero vector v ∈ V . The subspace W = Cv is invariant under

the action of G since ρ(g)v = λgv ∈ Cv for all g ∈ G. Since (ρ, V ) is irreducible, we must

have W = V , which implies dimV = 1.

To show that ρ ∈ Ĝ, we identify ρ with the map g 7→ λg. Since ρ is a group homomor-

phism, we have

ρ(g1g2) = ρ(g1)ρ(g2) = λg1λg2 (7.4)

for all g1, g2 ∈ G, which means λg1g2 = λg1λg2 . Thus the map g 7→ λg is a group homomor-

phism from G to C×.

To show that the image lies in U(1), note that every finite-dimensional irreducible

representation is equivalent to a unitary representation4. Therefore |λg| = 1, which means

λg ∈ U(1) for all g ∈ G. Hence ρ ∈ Ĝ.

■

Any one dimensional representation is irreducible by definition, so

Ĝ = Hom(G,U(1))
1 to 1←→ {irreps. of G}. (7.5)

Theorem 7.2: Pontryagin duality

Let G be a locally compact Abelian group, and let Ĝ = Hom(G,U(1)) be its character

group. Then there exists a canonical isomorphism G ∼= ̂̂
G.

(Proof)

We construct a canonical map Φ : G → ̂̂
G as follows. For each g ∈ G, define Φ(g) :

Ĝ→ U(1) by

Φ(g)(χ) := χ(g) (7.6)

for all χ ∈ Ĝ.
First, we verify that Φ(g) ∈ ̂̂G: for any χ1, χ2 ∈ Ĝ,

Φ(g)(χ1χ2) = (χ1χ2)(g) = χ1(g)χ2(g) = Φ(g)(χ1)Φ(g)(χ2), (7.7)

where the pointwise multiplication (χ1χ2)(g) = χ1(g)χ2(g) defines the group operation on

Ĝ.

Next, Φ is a group homomorphism: for g1, g2 ∈ G and χ ∈ Ĝ,

Φ(g1g2)(χ) = χ(g1g2) = χ(g1)χ(g2) = Φ(g1)(χ)Φ(g2)(χ) = (Φ(g1)Φ(g2))(χ). (7.8)

4Given any inner product ⟨·, ·⟩ on V , we can define a G-invariant inner product by ⟨v, w⟩G :=∫
G
⟨ρ(g)v, ρ(g)w⟩ dg where the integral is with respect to Haar measure on G. With respect to this in-

variant inner product, all operators ρ(g) are unitary.
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To show that Φ is an isomorphism, we must prove it is both injective and surjective.

Injectivity follows from the fact that characters separate points: if g1 ̸= g2, then there

exists a character χ ∈ Ĝ such that χ(g1) ̸= χ(g2), hence Φ(g1) ̸= Φ(g2).

Surjectivity is more involved and relies on the structure theory of locally compact

Abelian groups and Haar measure. The key insight is that every element of
̂̂
G can be

realized as evaluation at some point in G. The complete proof requires techniques from

harmonic analysis and is beyond the scope here (see [2] for details).

■

In summary, the irreps. of an Abelian group G are the elements of Ĝ = Hom(G,U(1))

(Theorem 7.1.1), and the double dual
̂̂
G is canonically isomorphic to the original group

(Theorem 7.1.1). Moreover Ĝ iteself is isomorphic to G when G is finite.

Theorem 7.3: Pontryagin duality for cyclic groups

For any N ∈ N,

ẐN ∼= ZN . (7.9)

(Proof)

Recall that characters of ZN are homomorphisms χ : ZN → U(1). Since ZN =

{0, 1, 2, . . . , N − 1} with addition modulo N , any character χ is completely determined by

χ(1) ∈ U(1), and we must have χ(N) = χ(1)N = 1. Therefore, χ(1) must be an N -th root

of unity.

TheN -th roots of unity form the group µN = {e2πik/N : k = 0, 1, . . . , N−1} ∼= ZN . The
correspondence k ↔ χk where χk(m) = e2πikm/N establishes an isomorphism ẐN ∼= ZN .
This self-duality of cyclic groups is a fundamental example of Pontryagin duality.

■

We can further obtain a remarkable general result that every finite Abelian group is iso-

morphic to its own Pontryagin dual by the following deep theorem of finite group theory:

Theorem 7.4: Fundamental theorem of finite Abelian groups

Every finite Abelian group G is isomorphic to a direct product of cyclic groups of prime

power order:

G ∼= Zpa11 × Zpa22 × · · · × Zpakk (7.10)

where pi are primes (not necessarily distinct) and ai ≥ 1. This decomposition is unique

up to reordering of the factors.

Combining this structure theorem with the self-duality of cyclic groups,

Ĝ ∼= ̂Zpa11 × Zpa22 × · · · × Zpakk
∼= Ẑpa11 × Ẑpa22 × · · · × Ẑpakk
∼= Zpa11 × Zpa22 × · · · × Zpakk

∼= G,

(7.11)
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where we used the self-duality Ẑn ∼= Zn for each cyclic factor. Note that Ĝ ∼= G is not in

general true for infinite Abelian group. The simplest counterexample is Û(1) ∼= Z.
That aside, these powerful results show that for Abelian groups, the set of the one

dimensional irreps. is sufficient to completely reconstruct the original group’s structure.

The success of this story naturally led mathematicians to seek an analogous framework for

non-Abelian groups.

The failure of characters for non-abelian groups. When a group G is non-Abelian,

its one-dimensional representations are homomorphisms to an Abelian group, C×, and

thus can only capture information about the Abelianization Gab := G/[G,G] of G. This

is clearly insufficient. A natural next step is to consider all irreducible representations,

not just the one-dimensional ones. However, even the full set of characters is not enough

to uniquely determine the group in contract to the Abelian case, because the there exist

groups that share completely the same character table. The classic example is provided

by the dihedral group D8 and the quaternion group, Q8. Let us examine these groups

explicitly.

The dihedral group D8

D8 :=
〈
r, s | r4 = s2 = 1, srs = r3

〉
(7.12)

is the symmetry group of a square, with elements {e, r, r2, r3, s, sr, sr2, sr3} where r repre-

sents rotation by 90◦ and s represents reflection.

The quaternion group

Q8 :=
〈
i, j, k | i2 = j2 = k2 = ijk = −1

〉
(7.13)

has elements {±1,±i,±j,±k}.
Despite being non-isomorphic groups (for instance, D8 has elements of order 2, while

Q8 has only one element of order 2, namely −1), they possess identical character tables:

C1 C2 C3 C4 C5

χ1 1 1 1 1 1

χ2 1 1 1 -1 -1

χ3 1 1 -1 1 -1

χ4 1 1 -1 -1 1

χ5 2 -2 0 0 0

Here the conjugacy classes are C1 = {e}, C2 = {r2} (or {−1} in Q8), C3 = {r, r3} (or
{±i} in Q8), C4 = {s, sr2} (or {±j} in Q8), and C5 = {sr, sr3} (or {±k} in Q8).

This famous example demonstrates that some crucial information about the group’s

structure is lost when one considers only the characters of its representations.

Thus, the essential information must be encoded in the relationships between the fam-

ily of representations themselves. For instance, the tensor product of two representations of

G yields a new representation, and the rules governing how this new representation decom-

poses into irreducible parts are a direct reflection of the group’s multiplication law. The

move from a character group to a representation category is therefore not an thoughtless

complexification but a necessary step in the non-Abelian world.
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Physical and philosophical intuition. From a physical perspective, a group G often

represents the abstract symmetries of a system. A representation (ρ, V ) is a concrete

manifestation of these symmetries on a particular space of states, V . The Tannaka-Krein

philosophy addresses a fundamental question of reconstruction: if we have access to all

possible ways a symmetry can manifest itself (the category Rep(G)) and a method for

comparing these manifestations to their underlying vector spaces (the forgetful functor),

can we deduce the abstract symmetry group itself?

The duality theorem answers this in the affirmative. The group G is recovered as

the set of “universal operators” that act on every representation space V in a way that is

compatible with all symmetry-preserving maps (intertwiners) and all ways of combining

systems (tensor products) [5, 24]. An element g ∈ G naturally provides such a universal

operator: the collection of maps {ρV (g)}V ∈Ob(Rep(G)). The profound statement of the

theorem is that these are the only such operators.

7.1.2 The reconstruction theorem for compact groups

To state the theorem formally, we must first define the key ingredients: the category

of representations, the fiber functor, and the group of automorphisms of this functor.

Defining the categorical data.

1. The Category Rep(G): For a compact topological group G, Rep(G) denotes the

category of its finite-dimensional, continuous, complex representations.

• Objects: Pairs (ρ, V ), where V is a finite-dimensional complex vector space

and ρ : G→ GL(V ) is a continuous group homomorphism.

• Morphisms: G-equivariant linear maps (intertwiners). A linear map f : V →
W is a morphism between (ρV , V ) and (ρW ,W ) if f ◦ ρV (g) = ρW (g) ◦ f for all

g ∈ G.
• Structure: Rep(G) is a rigid, symmetric monoidal C-linear Abelian category

[5]. The tensor product of (ρV , V ) and (ρW ,W ) is (V ⊗W,ρV ⊗ ρW ), where

(ρV ⊗ρW )(g) := ρV (g)⊗ρW (g). The monoidal unit 1 is the trivial representation

on C. The dual of (ρV , V ) is (ρV ∗ , V ∗), where ρV ∗(g) := (ρV (g
−1))T .

2. The Fiber Functor ω: This is the forgetful functor ω : Rep(G) → VecC that

maps a representation (ρ, V ) to its underlying vector space V , and an intertwiner

f : (ρV , V ) → (ρW ,W ) to its underlying linear map f : V → W [22, 25]. This

functor is

• faithful: The map from the collection of intertwiners to the set of linear maps

ωV,W : HomRep(G)(V,W ) ∋ f 7→ ω(f) = f ∈ HomVecG(V,W ), (7.14)

is injective.

• exact: For any short exact sequence

0→ U
f→ V

g→W → 0, (7.15)
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with f : (ρ, U)→ (σ, V ) and g : (σ, V )→ (τ,W ),

0→ ω(U)
ω(f)→ ω(V )

ω(g)→ ω(W )→ 0, (7.16)

is also a short exact sequence.

• strong monoidal:

The monoidal structure means there exist natural isomorphisms ϕV,W : ω(V ⊗W )→
ω(V )⊗ ω(W ) and ϕ0 : ω(1)→ C.

3. The Reconstruction Group Aut⊗(ω): This is the group of monoidal natural

automorphisms of the fiber functor ω.

• An element η ∈ Aut⊗(ω) is a natural isomorphism η : ω ⇒ ω. This consists of

a family of isomorphisms {ηV : ω(V ) → ω(V )}V ∈Ob(Rep(G)) such that for any

morphism f : V →W , the following diagram commutes:

ω(V )
ηV //

ω(f)

��

ω(V )

ω(f)

��
ω(W )

ηW // ω(W )

(7.17)

• Themonoidal (or tensor-preserving) condition requires that η is compatible with

the tensor product structure via the isomorphisms ϕV,W and ϕ0. This means

ηV⊗W = ηV ⊗ηW (after identifying ω(V ⊗W ) with ω(V )⊗ω(W )) and η1 = idC
[5, 22]. The set of such automorphisms forms a group under composition, which

we can verify as follows:

– Closure: If η and η′ are two monoidal natural automorphisms of ω, then

their composition η′′ = η′ ◦ η is also a monoidal natural automorphism. For

naturality, the diagram

ω(V )
η′′V //

ω(f)

��

ω(V )

ω(f)

��
ω(W )

η′′W // ω(W )

(7.18)

commutes because

η′′W ◦ ω(f) = (η′W ◦ ηW ) ◦ ω(f) = η′W ◦ (ηW ◦ ω(f))︸ ︷︷ ︸
=ω(f)◦ηV

= (η′W ◦ ω(f))︸ ︷︷ ︸
=ω(f)◦η′V

◦ηV = ω(f) ◦ (η′V ◦ ηV ) = ω(f) ◦ η′′V
. (7.19)

For the monoidal condition,

η′′V⊗W = (η′ ◦ η)V⊗W = η′V⊗W ◦ ηV⊗W

= (η′V ⊗ η′W ) ◦ (ηV ⊗ ηW )

= (η′V ◦ ηV )⊗ (η′W ◦ ηW ) = η′′V ⊗ η′′W .
(7.20)
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– Identity : The identity transformation idω given by (idω)V = idω(V ) for all

V is clearly a monoidal natural automorphism.

– Inverse: For any monoidal natural automorphism η, since each ηV : ω(V )→
ω(V ) is an isomorphism, it has an inverse η−1

V . The collection η−1 = (η−1
V )V

forms a monoidal natural automorphism: naturality follows from the natu-

rality of η, and the monoidal condition follows from (η−1)V⊗W = η−1
V⊗W =

(ηV ⊗ ηW )−1 = η−1
V ⊗ η

−1
W = (η−1)V ⊗ (η−1)W .

Theorem 7.5: Tannaka-Krein reconstruction theorem

Let G be a compact topological group and let ω : Rep(G)→ VecC be the fiber functor.

There is a canonical map of topological groups

Φ : G→ Aut⊗(ω) (7.21)

defined by setting the component of Φ(g) at an object (ρV , V ) to be the linear map given

by the action of g:

(Φ(g))V := ρV (g). (7.22)

This map Φ is an isomorphism.

This theorem was first established in independent works by Tannaka [22] and Krein

[23]. The proof of this theorem is significantly long, so those not interested may skip to

the basic example of the duality for G = S3 in Subsubsection 7.1.4.

7.1.3 Proof of the duality correspondence

We first provide a complete proof for the simpler case of finite groups, which relies on

purely algebraic tools, and then sketch the extension to compact groups, where analytical

tools become necessary.

Part I: the finite group case. For a finite group G, the category Rep(G) is equivalent

to the category of modules over the group algebra C[G] (see eq. (??)) as demonstrated in

Section 1. This algebraic viewpoint is key to the proof [5].

Step 1 Constructing the homomorphism Φ : G→ Aut⊗(ω)

For each g ∈ G, we define an endomorphism Φ(g) := {Φg,V : ω(V )→ ω(V )}Ob(Rep(G)) of ω

such that Φg,V := ρV (g) ∈ GL(V ):

ω(V )
Φg,V =ρV (g)

//

ω(f)
��

ω(V )

ω(f)
��

ω(W )
Φg,W=ρW (g)

// ω(W )

(7.23)

We must verify this is a monoidal natural automorphism.

• Naturality (the commutativity of the diagram (7.23)): Let f : V → W be an in-

tertwiner. By definition, f ◦ ρV (g) = ρW (g) ◦ f . This is precisely the condition
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ω(f)◦Φg,V = Φg,W ◦ω(f), which means Φ(g) is a natural transformation. Since each

ρV (g) is invertible, Φ(g) is a natural isomorphism.

• Monoidal property: The action on a tensor product is defined as ρV⊗W (g) = ρV (g)⊗
ρW (g). This translates directly to Φg,V⊗W = Φg,V ⊗ Φg,W , satisfying the monoidal

condition. The action on the trivial representation is the identity, so Φg,1 = idC.

• Homomorphism: Φ is a group homomorphism because Φgh,V = ρV (gh) = ρV (g)ρV (h) =

Φg,V Φh,V .

Step 2 Proving Φ is an isomorphism

This is the reconstruction step.

• Representability of the Fiber Functor: The fiber functor ω is representable by

the regular representation C[G]. That is, there is a natural isomorphism ω(V ) ∼=
HomRep(G)(C[G], V ) for any V ∈ Ob(Rep(G)) [5].

To understand this isomorphism, recall that C[G] =
⊕

g∈GC · eg is the group algebra

with basis {eg | g ∈ G}. The left regular representation gives C[G] the structure of a

G-representation via (h · f)(x) = f(h−1x) for f ∈ C[G].

The natural isomorphism is constructed as follows:

– Forward map ω(V )→ HomRep(G)(C[G], V ): Given v ∈ ω(V ), define ϕv : C[G]→
V by

ϕv

(∑
g∈G

agegg
)
=
∑
g∈G

ag · ρV (g) · v, (7.24)

where ρV : G→ GL(V ) is the representation of G on V .

– Backward map HomRep(G)(C[G], V ) → ω(V ): Given a G-equivariant map ϕ :

C[G]→ V , take ϕ(e) ∈ V where e is the identity element of G.

The key insight is that C[G] contains all irreducible representations of G as direct

summands, making it a “universal” object that can map to any representation V .

The space of G-equivariant maps from C[G] to V is naturally isomorphic to the

underlying vector space V itself.

• Application of the Yoneda Lemma: Since ω is representable by C[G], we have

ω(V ) ∼= HomRep(G)(C[G], V ) for all V ∈ Rep(G). The Yoneda Lemma states that for

any functor F : C → Set and object A ∈ C,

Nat(HomC(A,−), F ) ∼= F (A). (7.25)

Applying this with F = ω, A = C[G], and using ω(V ) ∼= HomRep(G)(C[G], V ):

End(ω) = Nat(ω, ω) ∼= Nat(HomRep(G)(C[G],−),HomRep(G)(C[G],−))
∼= HomRep(G)(C[G],C[G]) = EndRep(G)(C[G]).

(7.26)
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• Structure of Endomorphisms of the Regular Representation: To understand

EndRep(G)(C[G]), we need to characterize G-equivariant linear maps ϕ : C[G]→ C[G].

Recall that C[G] carries the left regular representation: (h · f)(x) = f(h−1x) for

h ∈ G and f ∈ C[G]. An endomorphism ϕ must satisfy ϕ(h · f) = h · ϕ(f) for all

h ∈ G and f ∈ C[G].

Any such ϕ is completely determined by its action on the identity element e ∈ G

(viewed as the basis element in C[G]). If we set ϕ(e) =
∑

g∈G cgg for some coefficients

cg ∈ C, then the G-equivariance condition forces:

ϕ(h) = h · ϕ(e) =
∑
g∈G

cghg. (7.27)

This means ϕ acts as right multiplication by the element
∑

g∈G cgg
−1 ∈ C[G]:

ϕ(f) = f ·

∑
g∈G

cgg
−1

 . (7.28)

Therefore, we have an algebra isomorphism:

EndRep(G)(C[G]) ∼= (C[G])op, (7.29)

where (C[G])op denotes the opposite algebra (with reversed multiplication order).

Since C[G] is the group algebra of a finite group, it is isomorphic to its opposite:

(C[G])op ∼= C[G].

Combining these steps, we have a canonical algebra isomorphism Ψ : C[G] ∼−→ End(ω).

• Monoidal Condition and Group-like Elements: An element a =
∑
cgg ∈ C[G]

corresponds to a natural transformation ηa := Ψ(a). For ηa to be monoidal, we need

ηa to preserve tensor products:

(ηa)V⊗W = (ηa)V ⊗ (ηa)W . (7.30)

The left-hand side is the action of a on V ⊗W via the representation ρV⊗W (a). The

right-hand side is ρV (a)⊗ ρW (a). For these to be equal for all representations V,W ,

we need:

ρV⊗W (a) = ρV (a)⊗ ρW (a). (7.31)

Since ρV⊗W (g) = ρV (g) ⊗ ρW (g) for group elements g ∈ G, and representations are

algebra homomorphisms, this condition becomes:

ρV⊗W

(∑
cgg
)
=
∑

cgρV (g)⊗ ρW (g) =
(∑

cgρV (g)
)
⊗
(∑

cgρW (g)
)

(7.32)

if and only if a satisfies the coproduct condition ∆(a) = a ⊗ a in the Hopf algebra

C[G], where ∆(g) = g ⊗ g for g ∈ G.
An element a ∈ C[G] with ∆(a) = a⊗ a and ε(a) = 1 is called a group-like element.

• Therefore, the subgroup Aut⊗(ω) ⊂ Aut(ω) ∼= C[G] corresponds precisely to the

subset G ⊂ C[G]. This shows that the map Φ is an isomorphism.
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Part II: extension to compact groups. For a general compact group, the group

algebra is infinite-dimensional, and the purely algebraic proof above does not apply directly.

Analytical arguments are required, most notably the Peter-Weyl theorem.

• Injectivity of Φ: To show Φ is injective, we must show that if g ̸= e, then Φ(g) ̸=
idω. This requires finding at least one representation (ρ, V ) for which ρ(g) ̸= idV .

The existence of such a representation is a direct consequence of the Peter-Weyl

Theorem, which guarantees that the irreducible representations of a compact group

are sufficient to separate its points.

• Surjectivity of Φ: This part is more technical. One standard approach uses the

algebra of representative functions R(G), which consists of the matrix coefficients of

all finite-dimensional representations [2, 24]. The Peter-Weyl theorem implies that

R(G) is a dense subalgebra of the algebra of all continuous functions C(G). This

algebra R(G) has the structure of a commutative Hopf algebra, which serves as the

algebraic dual of the group G. Any monoidal natural automorphism η ∈ Aut⊗(ω)

can be shown to induce a Hopf algebra automorphism of R(G). A further theorem

then establishes that any such automorphism must be given by right translation by

some element of G, which proves that η must have been in the image of Φ [25].

7.1.4 Comprehensive example: the symmetric group S3

To make the abstract theorem concrete for a non-Abelian group, we consider the

symmetric group G = S3 = {e, (12), (13), (23), (123), (132)}.

• The Category Rep(S3): The group S3 has three irreducible representations:

– Vtriv: The trivial representation on C, where every element acts as the identity.

– Vsgn: The sign representation on C, where even permutations act as +1 and odd

permutations as −1.
– Vstd: The standard representation on C2. This is the quotient of the natural

permutation representation C3 by the trivial representation.

The tensor product rules are:

Vtriv ⊗ V ∼= V, Vsgn ⊗ Vsgn ∼= Vtriv, (7.33)

Vsgn ⊗ Vstd ∼= Vstd, Vstd ⊗ Vstd ∼= Vtriv ⊕ Vsgn ⊕ Vstd. (7.34)

• Reconstructing the Group: Let η ∈ Aut⊗(ω) be a monoidal natural automor-

phism of the fiber functor.

1. Each component ηVi must be an invertible linear map ω(Vi)→ ω(Vi):

– ηtriv : C→ C is multiplication by some λ1 ∈ C×.

– ηsgn : C→ C is multiplication by some λ2 ∈ C×.

– ηstd : C2 → C2 is given by some invertible 2× 2 matrix A ∈ GL(2,C).

2. The monoidal condition ηV⊗W ∼= ηV ⊗ ηW imposes severe constraints:
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– From Vsgn ⊗ Vsgn ∼= Vtriv: We need ηtriv ∼= ηsgn ⊗ ηsgn, which gives λ1 = λ22.

– From Vsgn⊗Vstd ∼= Vstd: We need ηstd ∼= ηsgn⊗ ηstd, which gives A = λ2 ·A,
so λ2 = 1.

– Combined with the previous constraint, this forces λ1 = λ2 = 1.

3. Therefore, ηtriv = idC, ηsgn = idC, and ηstd is given by a matrix A ∈ GL(2,C).

4. The constraint from Vstd ⊗ Vstd ∼= Vtriv ⊕ Vsgn ⊕ Vstd requires:

A⊗A ∼= idC ⊕ idC ⊕A. (7.35)

This constraint, combined with the fact that η must be natural (commute with

the S3-action), severely restricts the form of A.

5. A detailed calculation using the explicit matrices for the standard representation

shows that A must commute with the S3-action on C2. By Schur’s lemma, since

Vstd is irreducible, any such A must be a scalar multiple of the identity. But we

already determined that the scalar must be 1.

6. Therefore, A = idC2 , and η is the identity natural transformation.

This analysis shows that the only monoidal natural automorphism of the fiber functor

is the identity. However, this contradicts the fact that S3 has 6 elements. The

resolution is that we must consider not just automorphisms, but also the action of

the original group S3 on the representations.

• The Complete Picture: Each element g ∈ S3 induces a monoidal natural auto-

morphism ϕg of the fiber functor defined by:

(ϕg)V : ω(V )→ ω(V ), v 7→ ρV (g) · v, (7.36)

where ρV : S3 → GL(V ) is the representation. The map g 7→ ϕg gives the isomor-

phism S3 ∼= Aut⊗(ω).

Table 9. Step-by-step reconstruction of S3 from categorical constraints.

Categorical Data Constraint on Aut⊗(ω)

Three irreducible objects:

Vtriv, Vsgn, Vstd

Automorphisms act on C⊕ C⊕ C2

Monoidal structure: V ⊗2
sgn
∼= Vtriv Forces λ2sgn = λtriv

Monoidal structure: Vsgn ⊗ Vstd ∼=
Vstd

Forces λsgn = 1 and λtriv = 1

Naturality with respect to S3-action Matrix A for Vstd must be scalar (Schur’s

lemma)

Combined constraints Only possibility is A = id, but group action

gives 6 automorphisms

Conclusion Aut⊗(ω) ∼= S3 via g 7→ (conjugation by g)
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7.1.5 Connection to TQFT and the bulk-boundary correspondence

The principle of reconstructing an object from its category of representations serves

as a mathematical precursor to the bulk-boundary correspondence in TQFT. As discussed

in Subsection 5.4, the algebraic theory of anyonic excitations in the bulk of a (2 + 1)D

topological phase is described by the Drinfel’d center Z(C) of the category C that describes
the boundary excitations.

The specific decomposition Z(C) ∼= C⊠Cop,rev holds if and only if the boundary category

C is a modular tensor category. This has a direct physical interpretation: a modular tensor

category describes a consistent, non-anomalous, chiral (1+ 1)D theory, such as the edge of

a fractional quantum Hall state. The theorem states that the bulk theory in this case is not

fundamentally new, but is simply a ”doubled” version of the boundary theory. Physically,

the bulk excitations are constructed as local pairings of the boundary’s counter-propagating

chiral (from C) and anti-chiral (from Cop,rev) modes.

Tannaka-Krein duality established the foundational mathematical principle that the

abstract group can be fully reconstructed from the complete knowledge of its category of

representations. This resonates deeply with the physical principle that a higher-dimensional

bulk theory can be fully reconstructed from the data of its lower-dimensional boundary

theory.

7.2 Categorical Tannaka-Krein duality

The Tannaka-Krein duality for groups, which reconstructs a group from its category

of representations, is a specific instance of a more general and powerful reconstruction

theorem that applies to Hopf algebras and rigid monoidal categories [5]. This categorical

version provides a dictionary that translates between the language of abstract categories

and the language of algebra, showing that under certain conditions, they are one and the

same.

The central idea is to replace the group G with a Hopf algebra H and the category

Rep(G) with an abstract rigid monoidal category C equipped with a special kind of functor

to the category of vector spaces.

Definition 7.2: Fiber Functor

Let C be a k-linear rigid monoidal category. A fiber functor is a faithful, exact, strong

monoidal functor ω : C → Vecfdk , where Vecfdk is the category of finite-dimensional vector

spaces over k.

• Faithful: The map HomC(X,Y )→ Homk(ω(X), ω(Y )) is injective.

• Exact: ω preserves exact sequences. For semisimple categories, this is automatic.

• Strong Monoidal: There are natural isomorphisms ω(X ⊗ Y ) ∼= ω(X) ⊗ ω(Y )

and ω(I) ∼= k that are compatible with the associativity and unit constraints.

A rigid monoidal category equipped with a fiber functor is often called a Tannakian

category [24? ].
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The reconstruction theorem states that any such category is, in fact, the representation

category of a unique Hopf algebra, which can be constructed directly from the fiber functor.

The existence of fiber functors is deeply connected to an anomaly of the symmetry category

[26].

Theorem 7.6:

Let C be a rigid k-linear monoidal category and let ω : C → Vecfdk be a fiber functor.

Then there exists a unique Hopf algebra H such that C is monoidally equivalent to the

category Rep(H) of finite-dimensional representations of H.

7.2.1 The reconstruction proof

The proof is constructive. The Hopf algebra H is built as the algebra of natural

endomorphisms of the fiber functor ω.

Construction of the Hopf algebra H = End(ω). Let H = End(ω) be the set of all

natural transformations from the functor ω to itself. An element a ∈ H is a family of

linear maps {aX : ω(X) → ω(X)}X∈Ob(C) such that for any morphism f : X → Y in C,
the diagram below commutes:

ω(X)
aX //

ω(f)

��

ω(X)

ω(f)

��
ω(Y )

aY // ω(Y )

(7.37)

The set H is endowed with a full Hopf algebra structure as follows [25? ]:

1. Algebra Structure: The multiplicationm : H⊗H → H is given by the composition

of natural transformations: (ab)X := aX ◦ bX . The unit 1H is the identity natural

transformation idω.

2. Coalgebra Structure:

• Coproduct ∆: The monoidal structure of ω gives a natural isomorphism

JX,Y : ω(X)⊗ ω(Y )→ ω(X ⊗ Y ). For any a ∈ H, the family of maps {aX⊗Y }
defines a natural transformation on the functor ω(−⊗−). Via the isomorphism

J , this induces a natural transformation on ω(−)⊗ ω(−). The algebra of endo-

morphisms of this latter functor is H ⊗H. The coproduct ∆ : H → H ⊗H is

defined as the element corresponding to this induced transformation. Explicitly,

∆(a) is the unique element in H ⊗H such that for any objects X,Y , the map

(∆(a))X,Y : ω(X)⊗ ω(Y )→ ω(X)⊗ ω(Y ) is given by J−1
X,Y ◦ aX⊗Y ◦ JX,Y .

• Counit ε: The counit ε : H → k is defined by evaluating an endomorphism on

the monoidal unit object I ∈ C. Since ω(I) ∼= k, the map aI : ω(I) → ω(I) is

just multiplication by a scalar. We define ε(a) to be this scalar.

3. Antipode S: The rigidity of C is crucial here. Every objectX has a dualX∗, and the

fiber functor preserves this duality, ω(X∗) ∼= ω(X)∗. For an endomorphism a ∈ H,
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its antipode S(a) is defined component-wise. The component S(a)X : ω(X)→ ω(X)

is the dual of the component of a on the dual object X∗:

S(a)X := (aX∗)∗ : ω(X)∗∗ → ω(X)∗∗. (7.38)

Using the canonical isomorphism ω(X) ∼= ω(X)∗∗ for finite-dimensional vector spaces,

this defines a map on ω(X).

One then verifies that these operations satisfy all the axioms of a Hopf algebra. The

final step is to construct a monoidal equivalence of categories C → Rep(H). This functor

sends an object X ∈ C to the pair (ω(X), ρX), where the action ρX : H → End(ω(X)) is

simply the evaluation map ρX(a) := aX . This establishes the desired correspondence.

7.2.2 Example: reconstruction of a group algebra

Let’s see how this general framework recovers the result for a finite group G.

• The Category: Let C = Rep(G), the category of finite-dimensional complex repre-

sentations of G. This is a rigid symmetric monoidal category.

• The Fiber Functor: Let ω : Rep(G)→ VecC be the forgetful functor that maps a

representation (ρ, V ) to its underlying vector space V .

• The Reconstructed Algebra: According to the theorem, the Hopf algebra H is

given by H = End(ω).

• The Isomorphism H ∼= C[G]: There is a canonical map of Hopf algebras Ψ :

C[G]→ End(ω). For an element g ∈ G, we define the natural transformation Ψ(g) ∈
End(ω) by setting its component at an object V to be the action of g on V :

(Ψ(g))V := ρV (g) ∈ GL(V ). (7.39)

This map is extended linearly to all of C[G]. One can show that this is an isomorphism

of Hopf algebras. The key step, as in the proof for finite groups, relies on the fact that

the functor ω is representable by the regular representation C[G], and then applying

the Yoneda lemma [6].

• Recovering the Group G: The original group G is recovered as the set of group-

like elements of the Hopf algebra H = C[G]. An element h ∈ H is group-like if

∆(h) = h ⊗ h and ε(h) = 1. A fundamental property of the group algebra is that

its only group-like elements are the elements of G itself. In the categorical language,

the group-like elements of H = End(ω) correspond precisely to the monoidal natural

automorphisms Aut⊗(ω), thus recovering the statement of Section 5.1.

This example shows how the abstract categorical framework provides a powerful and

unifying perspective, containing the classical group-theoretic duality as a special case.
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7.3 Tannaka-Krein duality for general fusion category and weak Hopf algebra

The journey from classical to categorical Tannaka-Krein duality was outlined in the

preceding sections. In Subsection 7.1, a group G was reconstructed from its category of

representations Rep(G). In Subsection 7.2, the categorified duality theorem (Theorem

7.1.2) demonstrated that the category, in the presence of a fiber functor, contained all the

information of the dual Hopf algebra.

This section marks the final step in this progression. Here, the fundamental object

is the fusion category itself, which does not necessarily entails a fiber functor. We will

demonstrate that many of these physically crucial categories demand a further generaliza-

tion of the algebraic symmetry object, from a Hopf algebra to a weak Hopf algebra. This

completes a paradigm shift: it is no longer the algebra that begets the category, but the

category that dictates the necessary structure of its corresponding algebra [7, 9, 14].

7.3.1 Motivation: beyond fiber functors and the necessity of a new algebraic

structure

The categorical reconstruction theorem presented in Subsection 7.2 hinges on the ex-

istence of a fiber functor ω : C → Vecfdk .[1, 2] This is strong monoidal, faithful, and exact

functor that allows the symmetry algebra to be reconstructed as the algebra of natural

endomorphisms of this forgetting process, H = End(ω).

The existence of a fiber functor, however, is an exceptionally strong constraint that

is not satisfied by many of the most important fusion categories appearing in physics and

mathematics. The obstruction to its existence is captured by:

Definition 7.3: Frobenius-Perron dimension

For any simple object a ∈ Simp C, the Frobenius-Perron (FP) dimension FPdim(a)

is the largest positive eigenvalue of the fusion matrix Na, whose entries (Na)
c
b = N c

ab are

the coefficients of the fusion rules

a⊗ b =
⊕

c∈Simp C
N c
ab c, a, b ∈ Simp C. (7.40)

A necessary condition for a fiber functor ω to exist is that for every simple object

a ∈ Simp C, its Frobenius-Perron dimension must be an integer, FPdim(a) ∈ Z. This is

because ω maps a to a finite-dimensional vector space ω(a), whose dimension is given by

the FP dimension.

Proposition 7.1:

If a fiber functor exists, then

FPdim(a) = dimk(ω(a)). (7.41)

(Proof)

Let a ∈ Simp C and ω : C → Vecfdk be a fiber functor. Since ω is a strong monoidal

functor, it preserves the tensor product structure up to natural isomorphism. In particular,

for any X,Y ∈ Ob C, we have ω(X ⊗ Y ) ∼= ω(X)⊗ ω(Y ).
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The Frobenius-Perron dimension FPdim(a) is defined as the largest positive eigenvalue

of the fusion matrix Na. The entries of this matrix are given by the fusion multiplicities:

(Na)
c
b = N c

ab, where a⊗ b ∼=
⊕

c∈Simp C N
c
ab c.

Since ω is a faithful exact functor, it preserves direct sums and multiplicities. Therefore:

ω(a⊗ b) ∼= ω
( ⊕
c∈Simp C

N c
abc
)
∼=

⊕
c∈Simp C

N c
abω(c). (7.42)

On the other hand, by the monoidal property:

ω(a⊗ b) ∼= ω(a)⊗ ω(b). (7.43)

Taking dimensions on both sides, we obtain:

dimk(ω(a)) · dimk(ω(b)) =
∑

c∈Simp C
N c
ab dimk(ω(c)). (7.44)

This shows that the vector (dimk(ω(Y )))Y satisfies the same eigenvalue equation as the

Frobenius-Perron dimensions with respect to the fusion matrix Na. Since the Frobenius-

Perron theorem 5 guarantees that the largest positive eigenvalue is simple and has a unique

positive eigenvector (up to scaling), and since all dimk(ω(Y )) are positive integers, we

conclude that FPdim(a) = dimk(ω(a)).

■

This condition is violated in many famous examples. Consider the Ising fusion category

discussed in Subsections 4.4 & 5.3, whose simple objects 1 (vacuum), ψ (Majorana fermion),

and σ (spin field) obey the fusion rules

ψ ⊗ ψ ∼= 1, σ ⊗ ψ ∼= σ, σ ⊗ σ ∼= 1⊕ ψ. (7.45)

Since the fusion matrices are

N1 =

1 0 0

0 1 0

0 0 1

 , Nψ =

0 1 0

1 0 0

0 0 1

 , Nσ =

0 0 1

0 0 1

1 1 0

, (7.46)

the Frobenius-Perron dimensions are FPdim(1) = 1, FPdim(ψ) = 1, and FPdim(σ) =
√
2.

By Proposition 7.3.1 the non-integer dimension of the object σ immediately precludes the

existence of a fiber functor from the Ising category to VecC.[3]

This is not an isolated pathology. Other oft-mentioned examples of fusion categories

with non-integer dimensions include the Tambara-Yamagami category TY(G) of a finite

group G with non-square number of elements
√
|G| /∈ Z (Ising category is the TY category

5For a non-negative matrix A = (aij) with aij ≥ 0, the spectral radius ρ(A) := max{|λ| | ∃v,Av = λv}
is itself an eigenvalue of A with a corresponding non-negative eigenvector. If A is primitive (i.e., Ak > 0

for some k > 0), then ρ(A) is a simple eigenvalue with a unique positive eigenvector (up to scaling), and

all other eigenvalues λ satisfy |λ| < ρ(A), whose corresponding eigen-vector cannot have all non-negative

entries (Theorem 8.4.4 in Ref. [27]).
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for G = Z2). Such fusion categories are ubiquitous in theoretical physics and mathematics:

in rational conformal field theories (SU(2)k WZW models for k = 1, 3, Virasoro minimal

models), subfactor theory (Temperley-Lieb and Haagerup subfactors), and string-net mod-

els for topological phases of matter (Fibonacci anyons, SU(N)k Chern-Simons theories).

This leads to the central question that motivates this section:

If a fusion category C does not admit a fiber functor ω : C → Veck, can it

still be realized as the representation category of some algebraic object?

The answer is affirmative, but it requires a modification of the Hopf algebra axioms. The

algebraic structure must be ”weakened” to accommodate the full spectrum of categorical

symmetries found in nature. This new structure is the weak Hopf algebra.

7.3.2 Weak Hopf algebras: the algebraic counterparts to fusion categories

Weak Hopf algebras, introduced by Böhm, Nill, and Szlachányi, provide the precise

algebraic framework for fusion categories.[6, 7, 8] They are defined by relaxing certain

compatibility conditions between the algebra and coalgebra structures of a standard Hopf

algebra. To make this precise, we first provide the formal definition and then conduct a

detailed comparison with the axioms for a Hopf algebra presented in Definition 1.1.

Definition 7.4:

A weak Hopf algebra over a field k is a sextuple (H,∇, η,∆, ε, S) where (H,∇, η) is a
unital associative algebra and (H,∆, ε) is a counital coassociative coalgebra, satisfying

the following axioms for all h, k, g ∈ H:

1. Multiplicativity of coproduct: The coproduct is an algebra homomorphism.

∆(hk) = ∆(h)∆(k). (7.47)

2. Weakened bialgebra axioms: The unit and counit compatibility conditions are

relaxed.

ε(hkg) = ε(hk(1))ε(k(2)g) = ε(hk(2))ε(k(1)g), (7.48)

(∆(1H)⊗ 1H)(1H ⊗∆(1H)) = (1H ⊗∆(1H))(∆(1H)⊗ 1H). (7.49)

In general, ∆(1H) ̸= 1H ⊗ 1H and ε is not an algebra homomorphism.

3. Weakened antipode axioms: There exists a linear map S : H → H, the

antipode, satisfying:

∇ ◦ (id⊗ S) ◦∆(h) = ε(1(1)h)1(2), (7.50)

∇ ◦ (S ⊗ id) ◦∆(h) = ε(h1(2))1(1), (7.51)

S(h) = S(h(1))h(2)S(h(3)). (7.52)
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The expressions on the right-hand side of eqs. (7.50) and (7.51) define two important

idempotent maps, the target and source counital maps, respectively:

εt(h) := ε(1(1)h)1(2), εs(h) := ε(h1(2))1(1). (7.53)

These maps are projections onto separable subalgebras Ht = εt(H) and Hs = εs(H),

which are a key structural feature of weak Hopf algebras not present in the standard

case.[6] The antipode axioms can then be written more compactly as h(1)S(h(2)) = εt(h)

and S(h(1))h(2) = εs(h).

The precise manner in which the axioms are weakened is best appreciated through a

direct comparison, as summarized in Table 10.

Table 10. Comparison of Hopf algebra and weak Hopf algebra axioms.

Axiom Hopf Algebra (Def 1.1) Weak Hopf Algebra (Def

7.3.2)

Coproduct of

Unit

The coproduct is unital:

∆(1H) = 1H ⊗ 1H .

The coproduct is not necessarily

unital. ∆(1H) is a special idem-

potent element.

Counit Prop-

erty

The counit is an algebra homomor-

phism:

ε(hk) = ε(h)ε(k).

The counit is weakly multiplica-

tive:

ε(hkg) = ε(hk(1))ε(k(2)g).

Antipode Iden-

tity (Right)

∇ ◦ (id⊗ S) ◦∆(h) = η(ε(h)) ∇◦(id⊗S)◦∆(h) = ε(1(1)h)1(2) =:

εt(h)

Antipode Iden-

tity (Left)

∇ ◦ (S ⊗ id) ◦∆(h) = η(ε(h)) ∇◦(S⊗id)◦∆(h) = ε(h1(2))1(1) =:

εs(h)

Antipode Prop-

erty

S is an anti-algebra and anti-

coalgebra homomorphism.

A weaker condition holds:

S(h(1))h(2)S(h(3)) = S(h).

7.3.3 The reconstruction theorem and the coend construction

With the algebraic target defined, we can now state the main result that generalizes

Tannaka-Krein duality to the setting of generic fusion categories.

Theorem 7.7: Theorem

Let C be a fusion category over an algebraically closed field k of characteristic zero. Then

there exists a finite-dimensional semisimple weak Hopf algebra H over k, unique up to

isomorphism, such that there is a monoidal equivalence of categories C ∼= Rep(H).

The proof of this theorem is constructive: the algebra H is built directly from the

categorical data of C. The underlying vector space of H is constructed as the coend of the

internal Hom-functor in C [11].

Definition 7.5: Coend

For a functor F : Cop × C → D, the coend
∫ X∈Ob C

F (X,X) is an object in D equipped

with a collection of morphisms ιX : F (X,X) →
∫ X∈Ob C

F (X,X) for each X ∈ C, such
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that for any morphism f : X → Y in C, the following diagram commutes:

F (Y,X)
F (f,idX) //

ιX ))

F (X,X)

ιX
��∫ Z∈Ob C
F (Z,Z)

F (Y, Y )
F (idY ,f)

//

ιY
55

F (Y,X)

ιX

OO
(7.54)

and this object is universal with respect to this property.

In our case, we take F (X,Y ) = HomC(X,Y ), D = Veck, and

ObVeck ∋ H :=

∫ X∈Ob(C)
HomC(X,X). (7.55)

An element h ∈ H is a family of endomorphisms {hX : X → X}X∈C that is natural with

respect to all morphisms in C. That is, for any morphism f : X → Y , the following diagram

must commute:

X
hX //

f
��

X

f
��

Y
hY // Y

(7.56)

This construction has a profound physical interpretation. In a TQFT described by a

fusion category C, the objects X represent anyonic excitations. A physical operator that

acts on these excitations must be defined consistently across the entire theory, regardless

of the specific anyon type. An element h ∈ H is precisely such a universal operator. The

Tannaka-Krein reconstruction, therefore, is the mathematical procedure for identifying the

complete algebra of universal, state-independent operators of a topological phase. The fact

that this procedure yields a weak Hopf algebra reveals the fundamental symmetry structure

of the theory. This is precisely the algebra proposed by Kitaev and Kong in the context of

string-net models.[12, 13]

The algebraic operations onH are most transparently defined using the graphical calcu-

lus of string diagrams for monoidal categories [15]. In this calculus, objects are represented

by strings (or ribbons), morphisms by boxes (coupons) on these strings, and composition

by vertical stacking. An element h ∈ H is depicted as a coupon that can slide freely along

any string, reflecting its naturality.

• Algebra Structure (∇, η): The product ∇(h ⊗ k) of two elements h, k ∈ H is

defined by composition of the natural transformations, which graphically corresponds

to stacking their coupons. The unit η(1) is the identity natural transformation,

represented by an empty string.

• Coalgebra Structure (∆, ε): The coproduct ∆(h) is defined by the action of h on a

tensor product of two objects. Graphically, this corresponds to placing the coupon h
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k

h

= hk

(a) Product ∇(h⊗ k)

= 1H

(b) Unit 1H

Figure 4. Algebra structure on H in graphical calculus.

on two parallel strings. The counit ε(h) is the categorical trace of the endomorphism

h1 on the monoidal unit object 1, which is depicted by closing the string into a loop.

h = h

(c) Coproduct ∆(h)

h

(d) Counit ε(h)

Figure 5. Coalgebra structure on H in graphical calculus.

• Antipode S: The rigidity of the fusion category C means every object X has a dual

X∗. Graphically, this allows strings to bend. The antipode S(h) is defined by taking

the action of h on the dual object X∗, which corresponds to a 180-degree rotation of

the coupon h.

h = S(h)

Figure 6. Antipode S(h) as graphical rotation.

This graphical formalism makes the proofs of the weak Hopf algebra axioms remarkably

intuitive. For example, the reason ∆(1H) ̸= 1H ⊗ 1H becomes clear: the graphical rep-

resentation of ∆(1H) is two parallel identity strings, which corresponds to the identity

morphism on X ⊗ Y . This is not the same as the identity element in H ⊗H, which would

be represented by two separate strings, one for each tensor factor. Similarly, the antipode

axioms can be verified by topologically deforming the string diagrams, using the ”yanking”

relations that encode the properties of dual objects.
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7.3.4 The monoidal equivalence F : C → Rep(H)

The final step in the proof is to construct an explicit monoidal equivalence between

the original fusion category C and the category of finite-dimensional representations of the

newly constructed weak Hopf algebra H.

The functor F : C → Rep(H) is constructed as follows:

1. On Objects: For any object Y ∈ C, we define a corresponding H-module F(Y ).

The underlying vector space of this module is given by the space of morphisms from

the monoidal unit to Y :

VY := HomC(1, Y ). (7.57)

The action ρY : H → End(VY ) of an element h ∈ H on a morphism v ∈ VY (where

v : 1→ Y ) is defined by composition:

h ▷ v := hY ◦ v. (7.58)

Graphically, this is attaching the diagram for v to the bottom of the diagram for hY .

Since v has domain 1, this results in a new morphism 1→ Y , so h ▷ v ∈ VY .

2. On Morphisms: For a morphism f : Y → Z in C, the functor maps it to the linear

map F(f) : VY → VZ defined by post-composition:

F(f)(v) := f ◦ v. (7.59)

The naturality of the elements h ∈ H guarantees that F(f) is an H-module homo-

morphism (an intertwiner):

F(f)(h ▷ v) = f ◦ hY ◦ v = hZ ◦ f ◦ v = h ▷ (F(f)(v)). (7.60)

One must then show that this functor is a monoidal equivalence.

• The functor F is faithful and full, a consequence of the Yoneda lemma for enriched

categories and the fact that H was constructed from all possible natural endomor-

phisms.

• The functor is essentially surjective, meaning every finite-dimensional H-module

is isomorphic to F(Y ) for some Y ∈ C. This is the most technical part of the proof

and relies on the semisimplicity of both C and H.

• The functor is strong monoidal. This requires constructing natural isomorphisms

F(Y ⊗ Z) ∼= F(Y ) ⊗ F(Z). This isomorphism arises directly from the way the

coproduct ∆ on H was defined via its action on tensor products, ensuring perfect

compatibility.

The existence of this equivalence F completes the reconstruction. It establishes that any

fusion category can be viewed, from an algebraic perspective, as the representation category

of a weak Hopf algebra. This powerful duality provides a complete dictionary between the

categorical language of anyons, fusion, and braiding, and the algebraic language of quantum

symmetries, their representations, and interactions.
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7.4 Z(Rep(H)) ∼= Rep(D(H))

The notion of the quantum double, which was instrumental in understanding the

braided category Rep(D(G)) in Section 1, can be generalized from group algebras to any

finite-dimensional Hopf algebra H. This construction, due to Drinfel’d, provides a canon-

ical way to build a quasi-triangular Hopf algebra from any given Hopf algebra, thereby

guaranteeing that its representation category is braided [3]. We begin by recalling the

definition of the Drinfel’d double.

Definition 7.6:

Let H be a finite-dimensional Hopf algebra over a field k, with a bijective antipode S.

Let H∗ be its dual Hopf algebra. The Drinfel’d double D(H) is the vector space

(H∗)cop ⊗H equipped with a Hopf algebra structure defined as follows [3, 5]:

1. Algebra Structure: As a vector space, D(H) = H∗⊗H. We denote an element

f ⊗ h by f ⋉ h. The multiplication is given by the unique structure that makes

H (as 1⋉H) and (H∗)cop (as H∗ ⋉ 1) into subalgebras and is determined by the

cross-relation:

(1⋉ h)(f ⋉ 1) =
∑
(h)

⟨f, S−1(h(3))h(1)⟩(1⋉ h(2)). (7.61)

This leads to the general multiplication formula for elements f, g ∈ H∗ and h, k ∈
H:

(f ⋉ h)(g ⋉ k) =
∑

(h),(g)

⟨g(1), S−1(h(3))h(1)⟩(fg(2))⋉ (h(2)k), (7.62)

where fg(2) denotes the convolution product in H∗.

2. Coalgebra Structure: The coalgebra structure on D(H) is the tensor product

of the coalgebra structures on (H∗)cop and H. For f ∈ H∗ and h ∈ H:

∆(f ⋉ h) =
∑

(f),(h)

(f(2) ⋉ h(1))⊗ (f(1) ⋉ h(2)), (7.63)

ε(f ⋉ h) = εH(h)εH∗(f) = εH(h)f(1H). (7.64)

Note the swap in the indices for the coproduct of f , which comes from using

(H∗)cop.

3. Antipode: The antipode SD(H) is given by SD(H)(f ⋉ h) = (SH∗(f) ⋉ 1)(1 ⋉
S−1
H (h)).

The most important feature of the Drinfel’d double is that it is canonically quasi-

triangular. Its universal R-matrix is given by

R =
∑
i

(ei ⋉ 1)⊗ (1⋉ ei) ∈ D(H)⊗D(H), (7.65)
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where {ei} is a basis of H and {ei} is the corresponding dual basis of H∗. This R-matrix

endows the category Rep(D(H)) with a braiding structure. The connection between the

double and the Drinfel’d center is made precise by the following fundamental theorem,

which constitutes a form of Tannaka-Krein duality for the center.

Theorem 7.8:

Let H be a finite-dimensional Hopf algebra over a field k with a bijective antipode.

There exists a braided monoidal equivalence of categories

Z(Rep(H)) ∼= Rep(D(H)). (7.66)

(Proof)

The proof is constructive and proceeds in two main steps by introducing an interme-

diary category, the category of Yetter-Drinfel’d modules over H. We will establish a chain

of braided monoidal equivalences:

Z(Rep(H)) ∼= H
HYD ∼= Rep(D(H)), (7.67)

where HHYD denotes the category of left-left Yetter-Drinfel’d modules overH. This category

serves as a bridge, translating the abstract categorical language of the center into the

concrete algebraic language of the double.

■

7.4.1 Step 1: the equivalence Z(Rep(H)) ∼= H
HYD

We begin by defining the algebraic structure that captures the properties of an object

in the Drinfel’d center of Rep(H).

Definition 7.7:

A left-left Yetter-Drinfel’d module over a Hopf algebra H is a vector space V which

is simultaneously:

1. A left H-module, with action ▷ : H ⊗ V → V .

2. A left H-comodule, with coaction δ : V → H ⊗ V , which we write using Sweedler

notation as δ(v) =
∑
v(−1) ⊗ v(0).

These two structures must satisfy the Yetter-Drinfel’d compatibility condition for

all h ∈ H and v ∈ V :

δ(h ▷ v) =
∑

(h),(v)

h(1)v(−1)S(h(3))⊗ (h(2) ▷ v(0)). (7.68)

Morphisms in the category H
HYD are linear maps that are simultaneously H-module and

H-comodule homomorphisms.

We now construct the equivalence by defining functors in both directions.
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The functor F : Z(Rep(H)) → H
HYD. Let (V, γV ) be an object in Z(Rep(H)). By

definition, V is a left H-module. We must construct a compatible left H-coaction on V .

This is achieved by evaluating the half-braiding γV on the regular representation of H,

where H acts on itself by left multiplication. This object serves as a universal probe for

the internal structure of V .

We define the coaction map δV : V → H ⊗ V by

δV (v) := γV,H(v ⊗ 1H). (7.69)

We write δV (v) =
∑
v(−1)⊗v(0). The fact that this defines a valid Yetter-Drinfel’d module

is a standard result in the theory [3, 4]. The counit and coassociativity axioms for δV
follow from the properties of the half-braiding, in particular the hexagon identity. The

Yetter-Drinfel’d compatibility condition (7.68) is precisely the algebraic encoding of the

fact that γV,H is an H-module morphism, combined with the naturality of γV with respect

to right multiplication maps on H. Thus, F (V, γV ) = (V, ▷, δV ) is a well-defined object in
H
HYD.

The functor G : HHYD → Z(Rep(H)). Conversely, let (V, ▷, δ) be a Yetter-Drinfel’d

module. V is an H-module. We define a half-braiding γV by setting, for any H-module

W , the map γV,W : V ⊗W →W ⊗ V to be

γV,W (v ⊗ w) :=
∑
(v)

(v(−1) ▷ w)⊗ v(0). (7.70)

One must verify that this defines a natural family of isomorphisms satisfying the hexagon

axiom.

• Naturality and Isomorphism: The map is an isomorphism with inverse given by

γ−1
V,W (w⊗ v) =

∑
(S(v(−1)) ▷w)⊗ v(0). Its naturality with respect to H-module maps

f :W →W ′ is immediate.

• Hexagon Axiom: The hexagon axiom for γV is a direct translation of the Yetter-

Drinfel’d compatibility condition (7.68). This shows that the YD condition is not

arbitrary, but is the precise algebraic encoding of the geometric hexagon identity.

The functors F and G are quasi-inverses, establishing the equivalence Z(Rep(H)) ∼= H
HYD.

The monoidal and braided structures are preserved under this correspondence [4].

7.4.2 Step 2: the equivalence H
HYD ∼= Rep(D(H))

Next, we establish the equivalence between the category of Yetter-Drinfel’d modules

and the representation category of the Drinfel’d double.

The functor F : HHYD → Rep(D(H)). Let (V, ▷, δ) be a Yetter-Drinfel’d module. We

define a left action of D(H) = (H∗)cop⊗H on V . For an element f⋉h ∈ D(H) and v ∈ V ,

the action � is defined as:

(f ⋉ h)� v := ⟨f, v(−1)⟩(h ▷ v(0)). (7.71)
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To verify this is a valid module action, we must show that ((f ⋉h)(g⋉ k))� v = (f ⋉h)�

((g ⋉ k) � v). This is a direct but crucial calculation that relies on the YD compatibility

condition. It demonstrates how the YD axiom is precisely the condition needed to unify

the separate action and coaction into a single action of the larger double algebra.

The functor G : Rep(D(H)) → H
HYD. Conversely, let W be a left D(H)-module with

action �. We construct a YD module structure on W .

1. H-action: The action of H is defined by restricting the D(H) action to the subal-

gebra 1H∗ ⋉H ∼= H:

h ▷ w := (1H∗ ⋉ h)� w. (7.72)

2. H-coaction: The coaction of H is defined using the action of the subalgebra H∗ ⋉
1H ∼= H∗. Let {ei} be a basis for H and {ei} be the dual basis for H∗. The coaction

is defined as:

δ(w) :=
∑
i

ei ⊗ ((ei ⋉ 1H)� w). (7.73)

One then verifies that this action and coaction satisfy the YD compatibility condition,

which follows from the cross-relation in the multiplication of D(H). The functors F and

G are quasi-inverses.

Equivalence of braiding structures. The final step is to show that the equivalence is

braided. The braiding in H
HYD is given by cV,W (v⊗w) =

∑
v(−1) ▷ w⊗ v(0). The braiding

in Rep(D(H)) is induced by the universal R-matrix R =
∑

i(e
i⋉1)⊗(1⋉ei). The braiding

map c′V,W : V ⊗W →W ⊗ V is given by

c′V,W (v ⊗ w) = τ ◦ (R� (v ⊗ w)) =
∑
i

((1⋉ ei)� w)⊗ ((ei ⋉ 1)� v), (7.74)

where τ is the flip map. We compute the right-hand side using the action defined in

eq. (7.71):

(ei ⋉ 1)� v = ⟨ei, v(−1)⟩(1 ▷ v(0)) = ⟨ei, v(−1)⟩v(0), (7.75)

(1⋉ ei)� w = ⟨1H∗ , w(−1)⟩(ei ▷ w(0)) = ε(w(−1))(ei ▷ w(0)) = ei ▷ w. (7.76)

Substituting these into the braiding formula gives:

c′V,W (v ⊗ w) =
∑
i

(ei ▷ w)⊗ (⟨ei, v(−1)⟩v(0)) (7.77)

=

(∑
i

⟨ei, v(−1)⟩(ei ▷ w)

)
⊗ v(0). (7.78)

Using the identity
∑

i⟨ei, x⟩ei = x for any x ∈ H, the term in the parenthesis becomes

v(−1) ▷ w. Therefore,

c′V,W (v ⊗ w) = (v(−1) ▷ w)⊗ v(0) = cV,W (v ⊗ w). (7.79)
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This calculation shows that the functor F maps the braiding of H
HYD directly to the

braiding of Rep(D(H)) induced by the canonical R-matrix. This is not a coincidence; the

universal R-matrix is constructed precisely to encode the interplay between action and

coaction that defines the YD braiding. This completes the proof of the braided monoidal

equivalence H
HYD ∼= Rep(D(H)).

7.4.3 Conclusion

By composing the two equivalences, we have established the main theorem:

Z(Rep(H)) ∼= H
HYD ∼= Rep(D(H)). (7.80)

This chain of equivalences provides a complete dictionary between the three fundamen-

tal descriptions of this braided structure, as summarized in Table 11. It shows that the

Drinfel’d double is the precise algebraic object that governs the structure of the Drinfel’d

center of a representation category, providing a powerful tool for constructing and analyzing

braided tensor categories.

Table 11. Dictionary for the Equivalence Z(Rep(H)) ∼= H
HYD ∼= Rep(D(H))

Feature Z(Rep(H)) (Cate-

gorical)

H
HYD (Hybrid) Rep(D(H)) (Alge-

braic)

Objects Pair (V, γV ) of an H-

module V and a half-

braiding γV .

Pair (V, δ) of an H-

module V and a com-

patible H-coaction δ.

A left D(H)-module

V .

Compatibility Hexagon axiom for the

half-braiding γV .

Yetter-Drinfel’d condi-

tion relating action

and coaction.

Associativity of the

D(H)-module action.

Braiding Map γV,W (v ⊗ w)
∑
v(−1) ▷ w ⊗ v(0) τ ◦ (R� (v ⊗ w))

8 SymTFT for mixed state and average symmetry

8.1 Strong and weak symmetries and strong-to-weak symmetry breaking (SWSSB)

[28, 29]

8.2 SymTFT for mixed state

[30–32]

9 Summary

• Simple objects of Z(VecG)≃RepD(G) are labelled by ([g], ρ), with [g] a conjugacy

class and ρ an irrep of CG(g).

• Their dimensions are |[g]| dim(ρ).

• Fusion multiplicities arise from the character-orthogonality (or Verlinde) formula in

D(G) and are given by the triple-sum formula above.
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A Detailed review of Kitaev’s quantum double model

This appendix provides a pedagogical review of the Kitaev quantum double model, a

cornerstone of topological quantum computation [1]. We begin by defining the model on a

2D lattice, then describe its elementary excitations (anyons), and finally provide a detailed

construction of the ribbon operators used to manipulate them. This formalism is heavily

based on the original work by Kitaev and the pedagogical review in Ref. [33]. We conclude

with a comprehensive analysis of the model for the non-Abelian group G = S3.

A.1 The Lattice Hamiltonian and Ground State

A.1.1 Hilbert Space

The model is defined on a two-dimensional lattice L, which we take to be a square

lattice for simplicity. The degrees of freedom are associated with the edges of the lattice.

Each edge e is assigned an orientation, and the Hilbert space for that edge, He, is the group
algebra C[G] of a finite group G. The basis states for a single edge are thus labeled by the

group elements, {|g⟩}g∈G. The total Hilbert space of the system is the tensor product of

the spaces for all edges E in the lattice:

H =
⊗
e∈E
He =

⊗
e∈E

C[G]e.

If an edge is traversed in the direction opposite to its assigned orientation, the group

element associated with it is inverted.

A.1.2 Hamiltonian Operators

The Hamiltonian is constructed as a sum of commuting local projectors, which makes

the model exactly solvable.

H = −
∑
v∈V

Av −
∑
p∈F

Bp,

where V is the set of vertices and F is the set of faces (plaquettes) of the lattice. The

operators Av and Bp are known as the vertex (or star) and plaquette operators, respectively.

Vertex Operator Av. The vertex operator Av, also called the star operator, acts on

the edges incident to a vertex v. It enforces a condition analogous to Gauss’s law in gauge

theory. It is defined as an average over all group elements:

Av =
1

|G|
∑
g∈G

A(g)
v .

The operator A
(g)
v acts on the edges connected to vertex v by applying group multiplication.

For an edge e incident to v, the action depends on its orientation relative to v:
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• If v is the starting point of e (outgoing edge), A
(g)
v acts by left multiplication with g.

• If v is the ending point of e (incoming edge), A
(g)
v acts by right multiplication with

g−1.

This action is depicted in Figure 7. The operators for different group elements satisfy the

relation A
(g)
v A

(h)
v = A

(gh)
v , which implies that Av is a projector, i.e., (Av)

2 = Av.

Plaquette Operator Bp. The plaquette operator Bp acts on the edges forming the

boundary of a face p. It measures the magnetic flux, or holonomy, through the plaquette.

For a given configuration of edge states {|hi⟩}, the operator projects onto the state where

the holonomy is trivial (equal to the identity element e ∈ G).

Bp|h1, h2, . . . ⟩ = δe,
∏

i∈∂p h
σi
i
|h1, h2, . . . ⟩,

where the product is taken in a consistent (e.g., counter-clockwise) order around the pla-

quette, and σi = +1 if the edge orientation agrees with the direction of the loop and

σi = −1 otherwise. The operator Bp is manifestly a projector, (Bp)
2 = Bp. The action is

shown in Figure 7.

v

Lg
Lg

Rg−1

Rg−1

(a) Star operator A
(g)
v

p

h1

h2

h−1
3

h−1
4

(b) Plaquette operator Bp

Action: δe,h−1
4 h−1

3 h2h1

Figure 7. Pictorial representation of the operators in the Kitaev quantum double model. (a) The

star operator A
(g)
v acts by left multiplication (Lg) on outgoing edges and right multiplication (Rg−1)

on incoming edges. (b) The plaquette operator Bp measures the holonomy around the face p.

A.1.3 Ground State Properties

A crucial feature of the model is that all Hamiltonian terms commute:

[Av, Av′ ] = 0, = 0, = 0 ∀v, v′, p, p′.

The commutation = 0 holds because a star and a plaquette operator either act on disjoint

sets of edges or share exactly two edges, where the left and right multiplications cancel

out. This mutual commutation implies that the Hamiltonian is frustration-free, and its

ground state is a simultaneous eigenstate of all projectors with the lowest possible energy
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eigenvalue, which is −1 for each term. The ground state subspace is therefore defined by

the conditions:

Av|Ψ0⟩ = |Ψ0⟩ ∀v ∈ V, Bp|Ψ0⟩ = |Ψ0⟩ ∀p ∈ F.

The first condition, Av = 1, imposes a zero-charge constraint at each vertex. The second,

Bp = 1, imposes a zero-flux (or flat connection) constraint on each plaquette.

A.2 Anyonic Excitations

Elementary excitations, known as anyons, correspond to localized violations of the

ground state conditions. They occur at vertices or plaquettes where the corresponding

operator has an eigenvalue different from +1.

Pure Electric Charges (e-type). An excitation at a vertex v where Av|Ψ⟩ ̸= |Ψ⟩ is
called an electric charge. These states are not eigenstates of individual A

(g)
v operators but

rather of the averaged operator Av. The different types of electric charges are classified by

the irreducible representations (irreps) of the group G, which are the irreps of the group

algebra C[G].

Pure Magnetic Fluxes (m-type). An excitation at a plaquette p where Bp|Ψ⟩ = 0 is

called a magnetic flux. This means the holonomy around the plaquette is a non-identity

element, say g ∈ G. A key property is that all elements within the same conjugacy class

[g] = {hgh−1|h ∈ G} correspond to the same type of magnetic flux. This is because a local

change of basis on the edges (a gauge transformation) can change the holonomy element

g to any other element in its conjugacy class. These excitations are associated with the

function algebra CG.

Dyons and General Classification. The model also supports composite excitations,

known as dyons, which are bound states of an electric charge and a magnetic flux. The

complete classification of anyon types (superselection sectors) is given by the irreducible

representations of the Drinfel’d quantum double D(G). As established in the main text,

these are labeled by pairs ([g], ρ), where:

• [g] is a conjugacy class of G, specifying the magnetic flux type.

• ρ is an irreducible representation of the centralizer subgroup CG(g) = {h ∈ G|hg =

gh}, specifying the electric charge type that is bound to the flux.

This structure arises because an electric charge existing in the presence of a magnetic flux

g must be compatible with the symmetry of that flux. The operators that create and

manipulate the charge must commute with the operators that measure the flux, which

restricts the allowed charge types to representations of the centralizer CG(g).

A.3 Ribbon Operators for Anyon Creation and Braiding

Local operators acting on a few edges cannot create single anyons from the vacuum,

as this would violate the zero-charge and zero-flux conditions globally. Excitations must
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be created in pairs (particle and antiparticle). Ribbon operators are non-local, string-

like operators designed to achieve this. They act on a path of edges, creating a pair of

excitations at their endpoints while leaving the ground state conditions satisfied everywhere

along the path.

A.3.1 Electric Ribbon Operator Fe(h;P)

To create a pair of pure electric charges, we use an operator that acts along a path P
on the direct lattice. For an element h ∈ G, the operator is a product of left-multiplication

operators Lh on each edge ei in the path:

Fe(h;P) =
∏
ei∈P

L
(ei)
h .

The action is illustrated in Figure 8(a). This operator commutes with all plaquette oper-

ators Bp. It also commutes with all vertex operators Av for vertices v in the interior of

the path. However, at the start (vs) and end (ve) vertices of the path, it fails to commute,

creating electric excitations.

A.3.2 Magnetic Ribbon Operator Fm(g;P∗)

To create a pair of pure magnetic fluxes, the operator acts along a path P∗ on the

dual lattice. For an element g ∈ G, the operator acts on the direct-lattice edges that are

crossed by the dual path P∗. It is a product of projection operators P
(e)
g =

∑
k∈G δg,k|k⟩⟨k|,

which is not quite right. A better definition involves operators that modify the holonomy

measurement. The operator is defined as

Fm(g;P∗) =
∏
ei⊥P∗

R(ei)
g ,

where Rg is the right-multiplication operator. This operator commutes with all vertex

operators Av. It fails to commute only with the plaquette operators Bp at the two ends of

the dual path, creating a flux-antiflux pair with holonomy g and g−1.

Lh

Lh

Lh

(a) Electric Ribbon Operator Fe(h)

on direct lattice path

(b) Dyonic Ribbon Operator Fd(g, h)

acts on a ”thick” path

Figure 8. Schematic of ribbon operators. (a) An electric ribbon operator acts along a path on the

direct lattice. (b) A general dyonic ribbon operator acts on a path that has both direct and dual

components, giving it a ”thickness”.
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A.3.3 Dyonic Ribbon Operator and Braiding Statistics

The most general operator, creating a dyon pair, is a dyonic ribbon operator Fd(g, h).

It corresponds to an element δg ⊗ h ∈ D(G) and acts on a ”thickened” path, combining

the actions of electric and magnetic ribbons.

The braiding statistics of anyons are revealed by the commutation relations of their

corresponding ribbon operators. Consider moving an electric charge h around a magnetic

flux g. This process is implemented by creating an e-type anyon pair with a ribbon Fe(h;Pe)
and a flux pair with Fm(g;P∗

m), such that the path Pe forms a closed loop around one of the

endpoints of P∗
m. The algebraic consequence of this operation is a non-trivial commutation

relation that directly reflects the smash product of the quantum double algebra:

Fe(h;Pe)Fm(g;P∗
m) = Fm(hgh

−1;P∗
m)Fe(h;Pe).

This relation shows that after the braiding operation, the magnetic flux type is conjugated

by the electric charge type. This is a discrete version of the Aharonov-Bohm effect and is

the defining feature of the non-Abelian statistics in the model.

A.4 Comprehensive Example: The Symmetric Group G = S3

The symmetric group on three elements, S3, is the smallest non-Abelian group, making

it an ideal case study. Its quantum double model supports non-Abelian anyons and is a

candidate for universal topological quantum computation [33].

A.4.1 Group Theory of S3

The group S3 has |S3| = 6 elements: S3 = {e, (12), (13), (23), (123), (132)}.

• Conjugacy Classes: There are three conjugacy classes, determined by cycle struc-

ture [? ? ].

– C1 = {e} (identity, size 1)

– C2 = {(12), (13), (23)} (transpositions, size 3)

– C3 = {(123), (132)} (3-cycles, size 2)

• Centralizer Subgroups: The centralizer of an element g is the subgroup of elements

that commute with g [? ? ].

– CS3(e) = S3

– CS3((12)) = {e, (12)} ∼= Z2

– CS3((123)) = {e, (123), (132)} ∼= Z3

• Irreducible Representations: We need the irreps of S3 and its centralizers Z2 and

Z3 [? ? ? ? ? ].

– Irreps(S3): Trivial (ρtriv, dim 1), Sign (ρsign, dim 1), Standard (ρstd, dim 2).

– Irreps(Z2): Trivial (χ0), Sign (χ1). Both are 1-dimensional.

– Irreps(Z3): Trivial (ψ0), ψ1 (k 7→ e2πik/3), ψ2 (k 7→ e4πik/3). All are 1-

dimensional.
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A.4.2 Classification of D(S3) Anyons

Using the classification scheme ([g], ρ), we can systematically list all 8 types of anyons

in the D(S3) model. The quantum dimension of an anyon is given by the formula di =

|[g]| · dim(ρ). The results are summarized in Table 12.

Table 12. Anyon Classification for the D(S3) Model.

Anyon Label [g] |[g]| CS3(g) Irrep ρ dim(ρ) Quantum Dim. di Physical Type

1 (vacuum) {e} 1 S3 ρtriv 1 1 Trivial

esign {e} 1 S3 ρsign 1 1 Abelian Electric Charge

(Fermion)

estd {e} 1 S3 ρstd 2 2 Non-Abelian Electric

Charge

m(12) C2 3 Z2 χ0 1 3 Non-Abelian Mag-

netic Flux

m(123) C3 2 Z3 ψ0 1 2 Abelian Magnetic Flux

d1 C2 3 Z2 χ1 1 3 Non-Abelian Dyon

d2 C3 2 Z3 ψ1 1 2 Abelian Dyon

d3 C3 2 Z3 ψ2 1 2 Abelian Dyon (antipar-

ticle of d2)

A.4.3 Description of Anyon Sectors

• Pure Electric Charges ([g] = {e}): These correspond to the irreps of S3.

– 1: The vacuum sector, with trivial quantum dimension 1.

– esign: An Abelian anyon corresponding to the sign representation. It behaves

like a fermion.

– estd: A non-Abelian anyon with quantum dimension 2. Its non-Abelian nature

stems from the fact that the standard representation of S3 is two-dimensional,

leading to degenerate fusion outcomes.

• Pure Magnetic Fluxes (ρ = ρtriv):

– m(12): A flux corresponding to the conjugacy class of transpositions. Although

its internal charge structure is trivial (ρtriv), it is a non-Abelian anyon. Its

non-Abelian character arises from the non-trivial braiding with other anyons

and its fusion rules. For instance, the fusion of two m(12) anyons can result in

multiple outcomes.

– m(123): A flux corresponding to the 3-cycles. This is an Abelian anyon.

• Dyons ([g] ̸= {e}, ρ ̸= ρtriv):

– d1: This is a non-Abelian dyon, consisting of a magnetic flux of type [(12)]

bound to a non-trivial Z2 charge (type χ1). It has a quantum dimension of 3.
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– d2, d3: These are Abelian dyons. They consist of a magnetic flux of type [(123)]

bound to a non-trivial Z3 charge (ψ1 or ψ2). They are antiparticles of each

other.

The presence of three distinct non-Abelian anyon sectors (estd, m(12), and d1) makes the

D(S3) model particularly rich. The braiding and fusion of these anyons are sufficient to

perform universal quantum computation, establishing this model as a significant platform

for theoretical and experimental exploration [? ? ].

B Dijkgraaf-Witten theory
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